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Logarithms M Introduction

Introduction

20 = 1 then O is called logarithm
of 1 to the base 2

It can be written as 0 = log,1
Consider 2! =2 = 1 = log,2

22 =4 =2 =log,4

23 =8=3=log,8

2‘1—1=>—1—Io (1)
2 %3
1 1
272 =_= -2 =log,(=)
4 %y

v Note ¥ =N & x = log,N
wherea>0,a# 1, N>0, x€eR
Ifa=1,12=1=2=log,l

1 =1=3 =log,T

} 2 = 3 [circled, marked x] no meaning

La#

Ifa=0,0°=0=2=logy0
0°=0= 3 =log,0
} 2 = 3 [circled, marked x]
~a#0
Ifa=-2(-22=4=2=log_4
22 =4=2 = log,4
}log_,4 = log,4 [circled, marked x]
~a</0
~a>0a#1

[diagram: number line with 0 and 1 marked,; open circles at 0 and 1, shaded to the right of 0 with arrow]

— Exponential form

52 = 25

a¥="P

T =F
logarithmic form
2 =logs25

x = log,P

L = log;F
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Logarithms M |ogarithmic form

— logarithmic form

log,N = x
log,P =r
logs125 = x
log/M =n

Exponential form

N = a*.

P=4q

125 = 5%,
>L"=M

Formulae

® log,1 = 0where a > 0, a # 1 [both circled]
Reason a° = 1

= 0 = log,1 [boxed]

[diagram: number line with 0 and 1 marked, open circles at 0 and 1, arrow towards o]

@ log,a =1

Reason a' = a= 1 = log,a [boxed]

Exs: logs1 =0, logpe1 =0, log,1 =0
log;1 = undefined, log,2 = 1, logs5 = 1

log,3 = undefined, log_,1 = undefined

log_,(-2) = undefined

v @ log,(mn) = log,m + log,n

proof Let log,m = x, log,n =y
>m=a,n=2a
=>mn=a"-a’
= mn = a*"

= log,mn =x +y

= log,mn = log,m + log,n /boxed]
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Logarithms M |ogarithmic form

m
V@ |09a(;) = log,m - log,n.
proof Let log,m = x, log,n =y.

>m=a\n=2a

m g*
Now =— = __
n aY

= T = aX_y

n

m
EN Ioga(z) =X-y

m
= Ioga(g) = log,m - log,n [boxed]

® logna™ = (%) log,a

proof Let logpa = x

=a=b"
=a" = ()™
=>am=p™

mx

=a" = (b")7
| m mx
= logyra™ = —
n

m
= logyra™ = (z) logpa [boxed]

Note 1)log,a™ = mlog,a

2) logyra = (1) logpa
n

1
6) Iogba = W.
proof Let log,b = x
=> b =a"
1
=> by =a
1
= — = logya
x
! |
= log. b = logya
I 1
=~ loggpa = .
log, b
m
— =m
1

[?] [boxed]
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Logarithms I logarithmic form

7) logpa - log,b = 1

8) logya log b = log_a.

proof Let log,a = x, log.b =y.
=a=b\b=C.
=a= ()

>a=cY

= log.a = xy
(logpa)(log b)

. logpa logb = log.a

= log.a

Note 1) log,alog.b logyc = logya
2) log,a log b log,c = log,a = 1
loga log.a
loga = —— =
®log, logh logb

proof Let log,a = p, log,b = q

=>a= Xp, b = Xq
1 1
=> a = (ba)P ba = x
p
= a= ba
= log,a = p
bd = —
q
| log. a
= logpa = 7—-.
log, b
a|OgaN = N
proof Let log,N = x [boxed]
=N = aX
=N = alogaN
s oal9gN = N
v @ alogcb = ploga
proof a'°9cb = z(log.b)logca)
= (a'°%aP)logea

— blogca

@ log,m =log,n =>m =n

Formulae
® log,1=0
@ log,a =1

@ log,(mn) = log,m + log,n

m
@ Ioga(;) = log,m - log,n
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Logarithms M |ogarithmic form

m
® logna™ = (z) log,a
Note 1)log,a™ = mlog,a

2) logyna = (l) logpa
n
® | L
0962 = log b

@ log,a log,b = 1
logya logb = log.a
Note logya lognb logyc

= log4a
loga log.a
log,a = = =
©log, logbh logb
alogan =n

@ alogcb — blogca

@@ log,m = log,n = m = n [boxed]

Ex
®logs1 =0
@ log,7 =1

@ log,(2x) = log,2 + log,x
5

@ Iogz(?) = log,5 - log,7

® log;5° = 2 log;5

1 hr [circled]

5V

15 - Formula
40 probl [?]

1
@ |Og32 = @
@ logg5 logsb = 1

log,5 logg7 logs8 = logs5

log 2

©® log;2 = og 3
2|0925 =5

@ ologs5 _ 5|0932

@ log,x = log,5
=X =5.
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Logarithms M |ogarithmic form

@ If logs(2x + 3) = 0thenx = ___

Sol

2x +3 =1
=>2x=1-3
=2x = -2
2
S>X=——
2

= X = =1 [circled]

log,1 = 0 [circled]

@ If log,(x* + 5x + 8) = 1thenx = ___

Sol

x° +5x+8=2
=>x>+5x+6=0
>xX+2Xx+3x+6=0
S>xX+2)+3x+2) =0
=>xX+2)x+3)=0

=>x=-2(or) -3

log,a = 1

@ If log,x + log,(x + 1) = 1thenx = __.

Sol

logox(x + 1) = 1
:>|ogz(x2+x):1
S>x2+x=2
>x°+x-2=0
>x+2Xx-x-2=0
5>xXx+2)-1x+2)=0
=>KX-1Nx+2)=0

log,m + log,n = log,mn

=>x="T(r)x=-2

Ifx = -2
log,x = log,(=2) [circled] — undefined

X #E =2

Ans x=1.

@ If log,x — log,(x + 1) = 5 then x = No real x
b

Sol

| -5,
0% 1) =°

x
=2°
x+1
x

:x+1:
=>x=32x + 32

32
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Logarithms I logarithmic form

= 31x = -32
32

S>SX= ——
31

m
log,m - log,n = |°9a(z) [boxed]

log,x = n = x = a" [boxed]

For this x = —g

31

log,x = Iogz(—%) is not defined

@ |09927 - |09279 = _
= log;23® - log;:3°

3 2
= (=) logs3 - (=) log.3
(2) g3 (3) 93
_3_2
2 3
~9-4
6
5
6
1 1

1

6~ 1+ log,bc 17 log,ac 17 log ab T

1 1

1

- log a + log, bc ¥ log,b +log,ac ’ log.c + log_ ab

1 1 1

- log,abc * log,abc " log.abc

= log,pa + log,,b + log,,.C
= log,p.abc
=1
7 = logs2 -log,5 = ___
=1
~ logpa log,b =1
8 — logs2 log45 - logs, 11 =
= logs,2
= log,s2'
= (%) log,2

1 1
:_1:_‘
(5)() =
log a

= logya
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Logarithms M |ogarithmic form

@ HW - log,,64 _
log,,8

= logg64

= logg8? = 2 logg8 = 2(1) = 2
p3+log3 -
Sol 23 x 2109:3

=8x3

=24
am™nh=am-a"

a'°%N = N [circled)

@ 2logs5 _ glogs2 — L
— 5Iog32 _ 5Iog32
=0

aIogcb — blogca

a If |og(az;b) = (%)[[og a + log b]

theng+2=

a J—

Sol Iog(az;b) = (%)(Iog a + log b)

= Iog(a _ b) = (%) log ab
_ 1

= Iog(a b) = log(ab)3
-b

= Iog(a 5 ) = log \/ab

a—>b
= 5 = \/ﬁ
>a-b-= 2@
S.0.B.S

= (a - b)? = 4ab
logm + log n = log mn
logm =log n = m = n [circled]
a’ — 2ab + b% = 4ab
= a’ + b® = 6ab
2 2
=>a_+b_:6
ab ab
a b

> _—+4+_=06
a
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Logarithms M |ogarithmic form

@ D73+ logs1 _
— 2—3+0

=23

ee] r—\l\J|H

®log,1=0

@ logg(2x - 3) = 1thenx = __
Sol 2x -3 =5.
=2x=28
= x =4.
log,a = 1 [boxed]
@ Ifa® + b3 =  then
show that log,(c - b) + log,(c® + cb + b?) =3
Sol LHS =log,(c - b) + log,(c? + cb + b?)
= log,l(c - b)(c® + cb + b?)]
(a - b)(@® + ab + b%) = a® - b3

= log,(c® - b)

= log,a’

=3 log,a

= 3(1)

=3

= RHS
Givena® + b3 =c¢

sal=c-b3

3

@ If log(2a - 3b) = loga - log b

then the value of 'a’ interms of b

Sol Givenlog(2a - 3b) =loga -logb
= log(2a - 3b) = Iog(%)

~2a-3b=2
2a -2 3p

= — == =
a7y

1
=al2--)=3b

( b)

2b—1

= a( )=3b
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Logarithms M |ogarithmic form

3p?

=>a= )
2b—1

Ex ® log,log,log;logs1253 =
= log,log,log;9
= log,log,2
= log,1
=0

m
logyra™ = (z) logpa [boxed]

log,a™ = m logya [boxed]

logs1253
= logs (5%
= logs5°
=9logs5
=9

log;9

log,3?

2 109,33
2

: 1 1 1
x 6 log,2 ’ logg2 * log, 2

log,4 + log,8 + log,16
= log,(4 x 8 x 16)
= log,(22 x 23 x 2%

= log,2°
=9 log,2

=9.
I 1
0gpa = @ [boxed]
log,m + log,n = log,mn
(or) log,22 + log,2® + log,2*
=2+3+4

=9
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Logarithms I logarithmic form

Ex 7:logyea-logeb = _

1 1

= (=) (=) log.b
(2)(ogba) (2) 09,
1

= (Z) logya - log,b

1
= (=)(1
(4)()

=

m
logyra™ = (z) logpa [boxed]

Ex 8: Iog\/L—,a . Iogvab . Iogwc = k logqa. then k = 24

logpza - logezb - loggzc

1 1 1
=T logya- T logb - T logyc
2 3 4

=2 x 3 x4-logya-lognb logyc

= 24 logg4a
1
'\l/ﬁ = ay. [boxed]

Ex O log (7y7) +1og(3y3) —log(S\/?)
log 4.2
(22
log 4.2

B 10g<75'35>
= 5

log 4.2
7 X

5

N w

3 3 3
= logy»( )7 =log,,(4.2)7
3
2

log a

| =
92 log b

log,m + log,n - log,p
an)

= log,(

1
77 =7"x73

3
:75
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Logarithms M |ogarithmic form

lo (3) lo (3) logq7
Ex 10 9101.5 gSZ .3 99 =__

3.3
= (Z)(Z) V7

_oy7
16
a'°%N = N [circled)

loge7
3Iog3z71
1
- 3(5) |0937

— 3Iog3ﬁ
=7

Ex 11) 20955 4 3logy4 _ glog,3 _ glog2 =

= 510932 4 4109;3 _ 4l09;3 _ 510932 11y q1ching terms joined and cancelled]

=0

al°9b = ploged foyeq)

Ex 12: Solve log,(3x - 2) = log1x

Sol log,(3x - 2) = log,-1x

= log,(3x - 2) = (il) log,x

= log,(3x - 2) = log,x™"
=>3x-2=x"

>3x-2=—
X

=3x2 - 2x =1
=3x¢-2x-1=0

log,m = log,n = m = n [boxed]

Ans 5
6

=3 -3x+x-1=0

5>3xXx-1+1x-1=0

1
=>x=1(r)x=-=
(or) 3

1
Forx = 3 log1x is undefined.

2

Ans x =1 [boxed]
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Logarithms M |ogarithmic form

I - If x2 + y? = 23xy then S.T
2logx+y)=logx +logy+2log5
Sol Given x? + y? = 23xy
LHS = 2 log(x + y)
= log(x + y)?
= log(x®> + y? + 2xy)
= log(23xy + 2xy)
= log(25xy)
=log 25 + log x + log y
= log 5% + log x + log y
=2log5+logx+logy
= RHS
HW [circled]

I — Solve

|Og1O(X - 9) + Iog10X =1

Ex: logqp(x = 9) + logyox = 1.thenx = ___

logp(x = 9x =1
= logqo(x* = 9x) = 1
=>x* -9 =10
=>x*-9x-10=0
=>x>-10x+x-10=0
=>xx-10)+1x-10)=0
=>Kx-10)x+1)=0
log,m + log,n = log,mn
= x = 10 (or) x = =1 [circled, marked x]
lfx=-1
logqgx = logqo(=1) is undefined

.. X = 10 [double underlined]

Ex Iflog,(x* + x + 1) + log,(x = 1) = 3
thenx =___

= Iogz[(x2 +x+ NDx-1]=3

= log,(03 - 1) =3

>x3-1=23

>x>-1=8

>x3=9

Expresswala Education -
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Logarithms M |ogarithmic form

> X= 9% =3/9.
log,m + log,n = log,mn /boxed]
(@® + ab + b%)(a - b) = a3 - b3 /hoxed]
log,N = x = N = a* [boxed]

Ex Iflogsx = loggl6thenx + 1 =___

Sol logsx = log;24°

2
= log;x = (E) logs4 [2s cancelled]

= log;x = log;4
=>x=4

= x + 1 =5 [boxed]
Ex Iflog,b = cthenlogla=__.
b

log,,-1a’

1
(—) log,a
1 9p

-log,a

1
cl== [circled, marked x]
C

HW - Iflog,logslogsx =0

thenx =

Sol Given log,(logslogsx) = 0 [logsloggx circled]

= log,logsx = 1
= logsx =21 =2
=x=5
= x = 25.
log,1=0
log,N = 0= N =1 /boxed]
log,N = x

N = a*.
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Logarithms M |ogarithmic form

Ex logy;0.001 = ___
= logy 1(0.1)°
= 3 logg 0.1
=3(1)
=3

| —log3\/243 = _.

1
= log;2433
5 1
=logz(3”)3

5

= log333

5

= (E) log;3

= (E)(1)

l [circled]
5

(am)n - amn

log,N = x = N = a* [circled]

Ex Iflog4 = —% thenx =

Sol log4=-—
1
>4=x3
=43 =x
1_
:E—x

1
= X = — [boxed]
64

- Iflogl4 = -2 thenx = ___

X

Sol 4= (1)‘2
X
=4=(x"""2
=4 =x
=>x2=4
=>Xx=22

If x = -2, log14 is undefined
X

X E =2
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Logarithms M |ogarithmic form

X=2
Ans 8
4
2V

log,N = x & N = a* [boxed]

- Iflog;;(2x + 1) = 1thenx = __
Sol 2x +1=11"
=>2x+1=11
=2x =10
= x=5.

log,N = x = N = a*. [circled]

I —-1If2logx-3logy=logkthenk=__
log x* - log y* = log k

2
> |og(x_3) = log k
y

k=X

3
I - Iflogs3/X = logs27 thenx = __

3\/7:27
= x =27°
= x = (3%’
=>x=3°

log,m = log,n = m = n [circled]

- log31024 - log,3 = ___
= log,1024
= log,2'°
=10log,2 = 10

[diagram: repeated division by 2: 1024, 512, 256, 128, 64, then 32, 16, 8, 4, 2]
logpa log.b
= log.a
H.W @ 10|Og1001000 =

1
@) Iogs(x )=1thenx=__

x— 2
@ logsx = logs(3 - x) thenx = ___
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Logarithms M |ogarithmic form

Graph of log,x
Lety = log,x
x=1y=1log,1=0(1,0)
x=2y=1log,2=1(@21)
x =4,y =log,4 = 10g,2% = 2 log,2 = 2 (4, 2)
x =8,y =log,8 = log,2% = 3 (8, 3)
X = % y = Iogz(%) =log,27" = -1 (%, -1)
1

1
X=_vy=-2(- -2
4y (4 )

[diagram: axes X'X and Y'Y marked -4 to 4 on x and -4 to 5 on y; curve y = log,x passing through (1, 0),
rising slowly to the right and dropping steeply towards the negative y-axis near x = 0]

Graph of Iog%x

Lety = Iog%x

x=1y= Iog%1 =0(1,0)

X=2y= Iog%Z = log,2" = (_il) log,2 = =12, -1)

x=4,y=logl4=-2(4, -2)
2

1 1 1
X=—y=logl(Z) =1(2 1

Y 95(2) (2 )

1 1 1 1
x=_y=logl(Z) =logl(=)2=2(,2

4)/ 95(4) 95(2) (4 )

[diagram: axes X'X and Y'Y marked -2 to 4 on x and -3 to 3 on y; points marked at (%, 2), (%, 1), (1,0), (2

-1), (4, -2); decreasing curve y = loglx through them, rising steeply near the y-axis]
2

Graph of logx (a > 1)

[diagram: X and Y axes with origin O; increasing curve crossing the x-axis at 1, dropping steeply near the y-

axis]
Graph of log,x (0 <a < 1)

[diagram: X and Y axes with origin O; decreasing curve crossing the x-axis at 1, rising steeply near the y-axis]

Ex 1)2°°%° =5
2) log,5 + log,10 = log,50
3) 10g,10 - log,5 = Iogz(ls_o)

= log,2
=1
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Logarithms M |ogarithmic form

4) log;2 log,3 = log,2
= Iog_zzZ1 = (%) log,2

N =

al°%:N = N [circled]

log,m + log,n = log,(mn) /boxed]
m
log,m - log,n = |09a(z) [boxed]
log,a = 1 [boxed]
logpa - log.b = log.a
= logys2'

= (1) log,2
3 92

m
logyra™ = (z) logpa [circled]

Thena =2

1

Iogba = @ [boxed]

log 4
7o 287

log2 —
= log,4

= log,22
=2 log,2
=2(1)

=2

log a
= logya [circled]

log b
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