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Introduction

20 = 1 then 0 is called logarithm
of 1 to the base 2
It can be written as 0 = log21

Consider 21 = 2 ⇒ 1 = log22
22 = 4 ⇒ 2 = log24

23 = 8 ⇒ 3 = log28

2−1 = 
1
2

 ⇒ −1 = log2(
1
2

)

2−2 = 1
4

 ⇒ −2 = log2(
1
4

)

✓ Note ax = N ⇔ x = logaN
where a > 0, a ≠ 1, N > 0, x ∈ R
If a = 1, 12 = 1 ⇒ 2 = log11

13 = 1 ⇒ 3 = log11
} 2 = 3 [circled, marked ×] no meaning

∴ a ≠ 1

If a = 0, 02 = 0 ⇒ 2 = log00
03 = 0 ⇒ 3 = log00

} 2 = 3 [circled, marked ×]

∴ a ≠ 0

If a = −2, (−2)2 = 4 ⇒ 2 = log−24
22 = 4 ⇒ 2 = log24
} log−24 = log24 [circled, marked ×]

∴ a ≮ 0
∴ a > 0, a ≠ 1

[diagram: number line with 0 and 1 marked; open circles at 0 and 1, shaded to the right of 0 with arrow]

→ Exponential form

52 = 25
ax = P

TL = F
logarithmic form
2 = log525

x = logaP
L = logTF
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→ logarithmic form

logaN = x
logqP = r
log5125 = x

logLM = n

Exponential form

N = ax.

P = qr

125 = 5x.
⇒ Ln = M

Formulae

① loga1 = 0 where a > 0, a ≠ 1 [both circled]

Reason a0 = 1

⇒ 0 = loga1 [boxed]

[diagram: number line with 0 and 1 marked; open circles at 0 and 1, arrow towards ∞]

② logaa = 1
Reason a1 = a ⇒ 1 = logaa [boxed]

Exs:  log51 = 0, log1001 = 0, log21 = 0

log11 = undefined, log22 = 1, log55 = 1
log13 = undefined, log−21 = undefined

log−2(−2) = undefined
✓ ③ loga(mn) = logam + logan
proof Let logam = x, logan = y

⇒ m = ax, n = ay

⇒ mn = ax · ay

⇒ mn = ax+y

⇒ logamn = x + y
⇒ logamn = logam + logan [boxed]
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✓ ④ loga(
𝑚
𝑛

) = logam − logan.

proof Let logam = x, logan = y.

⇒ m = ax, n = ay

Now 
𝑚
𝑛

 = 𝑎
𝑥

𝑎𝑦

⇒ 
𝑚
𝑛

 = ax−y

⇒ loga(
𝑚
𝑛

) = x − y

⇒ loga(
𝑚
𝑛

) = logam − logan [boxed]

⑤ logbnam = (
𝑚
𝑛

) logba

proof Let logba = x

⇒ a = bx

⇒ am = (bx)m

⇒ am = bmx

⇒ am = (bn)
mx
𝑛

⇒ logbnam = 
mx
𝑛

⇒ logbnam = (
𝑚
𝑛

) logba [boxed]

Note 1) logbam = m logba

2) logbna = (
1
𝑛

) logba

6) logba = 
1

log𝑎𝑏
.

proof Let logab = x
⇒ b = ax

⇒ b
1
𝑥 = a

⇒ 
1
𝑥

 = logba

⇒ 
1

log𝑎𝑏
 = logba

∴ logba = 
1

log𝑎𝑏
.

𝑚
1

 = m

[?]  [boxed]
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7) logba · logab = 1
8) logba logcb = logca.

proof Let logba = x, logcb = y.
⇒ a = bx, b = cy.

⇒ a = (cy)x

⇒ a = cxy

⇒ logca = xy

⇒ logca = (logba)(logcb)
∴ logba logcb = logca

Note 1) logba logcb logdc = logda
2) logba logcb logac = logaa = 1

⑨ logba = 
log 𝑎
log 𝑏

 = 
log𝑥𝑎
log𝑥𝑏

proof Let logxa = p, logxb = q
⇒ a = xp, b = xq

⇒ a = (b
1
𝑞)p ∵ b

1
𝑞 = x

⇒ a = b
𝑝
𝑞

⇒ logba = 
𝑝
𝑞

⇒ logba = 
log𝑥𝑎
log𝑥𝑏

.

⑩ alogaN = N
proof Let logaN = x [boxed]

⇒ N = ax

⇒ N = alogaN

∴ alogaN = N

✓ ⑪ alogcb = blogca

proof alogcb = a(logab)(logca)

= (alogab)logca

= blogca

⑫ logam = logan ⇒ m = n

Formulae
① loga1 = 0

② logaa = 1
③ loga(mn) = logam + logan

④ loga(
𝑚
𝑛

) = logam − logan

Logarithms ■ logarithmic form
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⑤ logbnam = (
𝑚
𝑛

) logba

Note 1) logbam = m logba

2) logbna = (
1
𝑛

) logba

⑥ logba = 
1

log𝑎𝑏

⑦ logba logab = 1
⑧ logba logcb = logca

Note logba logcb logdc
= logda

⑨ logba = 
log 𝑎
log 𝑏

 = 
log𝑥𝑎
log𝑥𝑏

⑩ alogan = n
⑪ alogcb = blogca

⑫ logam = logan ⇒ m = n [boxed]

Ex
① log51 = 0

② log77 = 1
③ loga(2x) = loga2 + logax

④ log2(
5
7

) = log25 − log27

⑤ log352 = 2 log35
1 hr [circled]

5 ✓

15 → Formula
40 probl [?]

⑥ log32 = 
1

log23
⑦ log65 log56 = 1

⑧ log75 log87 log38 = log35

⑨ log32 = 
log 2
log 3

⑩ 2log25 = 5
⑪ 2log35 = 5log32

⑫ log2x = log25

⇒ x = 5.
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① If log5(2x + 3) = 0 then x = ___
Sol 2x + 3 = 1

⇒ 2x = 1 − 3
⇒ 2x = −2

⇒ x = −
2
2

⇒ x = −1 [circled]

loga1 = 0 [circled]

② If log2(x2 + 5x + 8) = 1 then x = ___
Sol x2 + 5x + 8 = 2

⇒ x2 + 5x + 6 = 0

⇒ x2 + 2x + 3x + 6 = 0
⇒ x(x + 2) + 3(x + 2) = 0

⇒ (x + 2)(x + 3) = 0
⇒ x = −2 (or) −3

logaa = 1

③ If log2x + log2(x + 1) = 1 then x = ___.
Sol log2x(x + 1) = 1

⇒ log2(x2 + x) = 1
⇒ x2 + x = 2
⇒ x2 + x − 2 = 0

⇒ x2 + 2x − x − 2 = 0
⇒ x(x + 2) − 1(x + 2) = 0

⇒ (x − 1)(x + 2) = 0
logam + logan = logamn

⇒ x = 1 (or) x = −2

If x = −2
log2x = log2(−2) [circled] → undefined

∴ x ≠ −2

Ans x = 1.

④ If log2x − log2(x + 1) = 5 then x = No real x

Sol log2(
𝑥

𝑥 + 1) = 5.

⇒ 
𝑥

𝑥 + 1
 = 25

⇒ 
𝑥

𝑥 + 1 = 32

⇒ x = 32x + 32

Logarithms ■ logarithmic form
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⇒ 31x = −32

⇒ x = −32
31

logam − logan = loga(
𝑚
𝑛

) [boxed]

logax = n ⇒ x = an [boxed]

For this x = −32
31

log2x = log2(−
32
31

) is not defined

⑤ log927 − log279 = ___
= log3233 − log3332

= (
3
2

) log33 − (
2
3

) log33

= 
3
2

 − 
2
3

= 9 − 4
6

= 5
6

6 → 
1

1 + log𝑎bc
 + 

1
1 + log𝑏ac

 + 
1

1 + log𝑐ab
 = ___.

= 
1

log𝑎𝑎 + log𝑎bc
 + 

1
log𝑏𝑏 + log𝑏ac

 + 
1

log𝑐𝑐 + log𝑐ab

= 
1

log𝑎abc
 + 

1
log𝑏abc

 + 
1

log𝑐abc
= logabca + logabcb + logabcc

= logabcabc
= 1

7 → log52 · log25 = ___
= 1
∵ logba logab = 1

8 → log52 log115 · log3211 = ___
= log322

= log2521

= (
1
5

) log22

= (1
5

)(1) = 1
5

.

⑨ 
log 𝑎
log 𝑏

 = logba
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⑨ HW → 
log1064
log108

 = ___

= log864

= log882 = 2 log88 = 2(1) = 2

⑩ 23 + log23 = ___
Sol 23 × 2log23

= 8 × 3
= 24

am+n = am · an.
alogaN = N [circled]

⑪ 2log35 − 5log32 = ___

= 5log32 − 5log32

= 0

alogcb = blogca

⑫ If log(𝑎 − 𝑏
2

) = (1
2

)[log a + log b]

then 
𝑎
𝑏

 + 𝑏
𝑎

 = ___

Sol log(𝑎 − 𝑏
2

) = (
1
2

)(log a + log b)

⇒ log(𝑎 − 𝑏
2

) = (1
2

) log ab

⇒ log(𝑎 − 𝑏
2

) = log(ab)
1
2

⇒ log(𝑎 − 𝑏
2

) = log √ab

⇒ 𝑎 − 𝑏
2

 = √ab

⇒ a − b = 2√ab
S.O.B.S

⇒ (a − b)2 = 4ab

log m + log n = log mn
log m = log n ⇒ m = n [circled]

a2 − 2ab + b2 = 4ab
⇒ a2 + b2 = 6ab

⇒ 𝑎
2

ab
 + 𝑏

2

ab
 = 6

⇒ 
𝑎
𝑏

 + 𝑏
𝑎

 = 6
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① 2−3 + log51 = ___.
= 2−3+0

= 2−3

= 
1
23

= 
1
8

① loga1 = 0

② log5(2x − 3) = 1 then x = ___.
Sol 2x − 3 = 5.

⇒ 2x = 8
⇒ x = 4.

logaa = 1 [boxed]

③ If a3 + b3 = c3 then
show that loga(c − b) + loga(c2 + cb + b2) = 3
Sol LHS = loga(c − b) + loga(c2 + cb + b2)

= loga[(c − b)(c2 + cb + b2)]
(a − b)(a2 + ab + b2) = a3 − b3

= loga(c3 − b3)
= logaa3

= 3 logaa

= 3(1)
= 3

= RHS
Given a3 + b3 = c3

⇒ a3 = c3 − b3

④ If log(2a − 3b) = log a − log b
then the value of 'a' interms of b

Sol Given log(2a − 3b) = log a − log b

⇒ log(2a − 3b) = log(
𝑎
𝑏

)

⇒ 2a − 3b = 
𝑎
𝑏

⇒ 2a − 
𝑎
𝑏

 = 3b

⇒ a(2 − 
1
𝑏

) = 3b

⇒ a(2𝑏 − 1
𝑏

) = 3b
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⇒ a = 3𝑏2

2𝑏 − 1
.

Ex ⑤ log2log2log3log51253 = ___
= log2log2log39
= log2log22

= log21
= 0

logbnam = (
𝑚
𝑛

) logba [boxed]

logbam = m logba [boxed]

log51253

= log5(53)3

= log559

= 9 log55
= 9.

log39

= log332

= 2 log33
= 2

Ex 6: 
1

log42
 + 

1
log82

 + 
1

log162
 = ___

= log24 + log28 + log216
= log2(4 × 8 × 16)
= log2(22 × 23 × 24)

= log229

= 9 log22

= 9.

logba = 
1

log𝑎𝑏
 [boxed]

logam + logan = logamn
(or) log222 + log223 + log224

= 2 + 3 + 4
= 9.
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Ex 7: logb2a · loga2b = ___

= (1
2

)(logba) · (1
2

) logab

= (
1
4

) logba · logab

= (
1
4

)(1)

= 1
4

logbnam = (
𝑚
𝑛

) logba [boxed]

Ex 8: log√𝑏a · log√𝑐3 b · log√𝑑4 c = k logda. then k = 24

logb
1
2
a · logc

1
3
b · logd

1
4
c

= 
1
1
2

 logba · 
1
1
3

 logcb · 
1
1
4

 logdc

= 2 × 3 × 4 · logba · logcb logdc
= 24 logda

√𝑎
𝑛  = a

1
𝑛 . [boxed]

Ex 9: log (7√7 ) + log (3√3 ) − log(5√5 )

log 4.2
 = ___

= log(
7√7 ×3√3

5√5
)

log 4.2

= log(
7
3
2 · 3

3
2

5
3
2

)

log 4.2

= log4.2(
7×3
5

)
3
2 = log4.2(4.2)

3
2

= 3
2

logba = 
log 𝑎
log 𝑏

logam + logan − logap

= loga(
𝑚×𝑛
𝑝

)

7√7 = 71 × 7
1
2

= 7
3
2

Logarithms ■ logarithmic form
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Ex ⑩ 10log10(
3
4

) · 5log5(
3
4

) · 3log97 = ___

= (
3
4

)(
3
4

) · √7

= 9√7
16

alogaN = N [circled]

log97
3log3271

= 3(1
2

) log37

= 3log3√7

= √7

Ex 11) 2log35 + 3log24 − 4log23 − 5log32 = ___

= 5log32 + 4log23 − 4log23 − 5log32 [matching terms joined and cancelled]

= 0

alogcb = blogca [boxed]

Ex 12: Solve log2(3x − 2) = log1
2
x

Sol log2(3x − 2) = log2−1x

⇒ log2(3x − 2) = (
1
−1

) log2x

⇒ log2(3x − 2) = log2x−1

⇒ 3x − 2 = x−1

⇒ 3x − 2 = 
1
𝑥

⇒ 3x2 − 2x = 1

⇒ 3x2 − 2x − 1 = 0
logam = logan ⇒ m = n [boxed]

Ans 5
6

⇒ 3x2 − 3x + x − 1 = 0
⇒ 3x(x − 1) + 1(x − 1) = 0

⇒ x = 1 (or) x = −
1
3

For x = −
1
3

, log1
2
x is undefined.

Ans x = 1 [boxed]
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→ If x2 + y2 = 23xy then S.T

2 log(x + y) = log x + log y + 2 log 5

Sol Given x2 + y2 = 23xy
LHS = 2 log(x + y)

= log(x + y)2

= log(x2 + y2 + 2xy)
= log(23xy + 2xy)

= log(25xy)
= log 25 + log x + log y

= log 52 + log x + log y
= 2 log 5 + log x + log y
= RHS

HW [circled]

→ Solve

log10(x − 9) + log10x = 1

Ex:  log10(x − 9) + log10x = 1. then x = ___.
log10(x − 9)x = 1

⇒ log10(x2 − 9x) = 1
⇒ x2 − 9x = 10
⇒ x2 − 9x − 10 = 0

⇒ x2 − 10x + x − 10 = 0
⇒ x(x − 10) + 1(x − 10) = 0

⇒ (x − 10)(x + 1) = 0
logam + logan = logamn

⇒ x = 10 (or) x = −1 [circled, marked ×]

If x = −1
log10x = log10(−1) is undefined

∴ x = 10 [double underlined]

Ex If log2(x2 + x + 1) + log2(x − 1) = 3
then x = ___

⇒ log2[(x2 + x + 1)(x − 1)] = 3
⇒ log2(x3 − 1) = 3

⇒ x3 − 1 = 23

⇒ x3 − 1 = 8
⇒ x3 = 9

Logarithms ■ logarithmic form
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⇒ x = 9
1
3 = √93 .

logam + logan = logamn [boxed]

(a2 + ab + b2)(a − b) = a3 − b3 [boxed]

logaN = x ⇒ N = ax [boxed]

Ex If log3x = log916 then x + 1 = ___.

Sol log3x = log3242

⇒ log3x = (
2
2

) log34 [2s cancelled]

⇒ log3x = log34

⇒ x = 4
⇒ x + 1 = 5 [boxed]

Ex If logab = c then log1
𝑏
a = ___.

logb−1a1

= ( 1
−1

) logba

= −logba

= −
1

log𝑎𝑏

= −
1
𝑐

c−1 = 1
𝑐

 [circled, marked ×]

H.W → If log2log3log5x = 0
then x = ___

Sol Given log2(log3log5x) = 0 [log3log5x circled]

⇒ log2log5x = 1
⇒ log5x = 21 = 2
⇒ x = 52

⇒ x = 25.
loga1 = 0

logaN = 0 ⇒ N = 1 [boxed]

logaN = x
N = ax.

Logarithms ■ logarithmic form
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Ex log0.10.001 = ___
= log0.1(0.1)3

= 3 log0.10.1
= 3(1)

= 3

→ log3√243 = ___.

= log3243
1
2

= log3(35)
1
2

= log33
5
2

= (5
2

) log33

= (5
2

)(1)

= 5
2

1
5

 [circled]

(am)n = amn

logaN = x ⇒ N = ax [circled]

Ex If logx4 = −1
3

 then x = ___

Sol logx4 = −
1
3

⇒ 4 = x−1
3

⇒ 4−3 = x

⇒ 
1
43

 = x

⇒ x = 
1
64

 [boxed]

→ If log1
𝑥
4 = −2 then x = ___

Sol 4 = (
1
𝑥

)−2

⇒ 4 = (x−1)−2

⇒ 4 = x2

⇒ x2 = 4
⇒ x = ±2

If x = −2, log1
𝑥
4 is undefined

∴ x ≠ −2

Logarithms ■ logarithmic form
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∴ x = 2

Ans 8
4

2 ✓
logaN = x ⇔ N = ax [boxed]

→ If log11(2x + 1) = 1 then x = ___

Sol 2x + 1 = 111

⇒ 2x + 1 = 11
⇒ 2x = 10

⇒ x = 5.
logaN = x ⇒ N = ax. [circled]

→ If 2 log x − 3 log y = log k then k = ___

log x2 − log y3 = log k

⇒ log(𝑥
2

𝑦3
) = log k

∴ k = 𝑥
2

𝑦3

→ If log5√𝑥3  = log527 then x = ___

√𝑥3  = 27

⇒ x = 273

⇒ x = (33)3

⇒ x = 39

logam = logan ⇒ m = n [circled]

→ log31024 · log23 = ___

= log21024
= log2210

= 10 log22 = 10

[diagram: repeated division by 2: 1024, 512, 256, 128, 64, then 32, 16, 8, 4, 2]

logba logcb
= logca

H.W ① 10log1001000 = ___

② log5(
𝑥 − 1
𝑥 − 2

) = 1 then x = ___

③ log5x = log5(3 − x) then x = ___

Logarithms ■ logarithmic form
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Graph of log2x
Let y = log2x

x = 1, y = log21 = 0 (1, 0)
x = 2, y = log22 = 1 (2, 1)

x = 4, y = log24 = log222 = 2 log22 = 2 (4, 2)
x = 8, y = log28 = log223 = 3 (8, 3)

x = 1
2

, y = log2(
1
2

) = log22−1 = −1 (1
2

, −1)

x = 
1
4

, y = −2 (
1
4

, −2)

[diagram: axes X'X and Y'Y marked −4 to 4 on x and −4 to 5 on y; curve y = log2x passing through (1, 0),
rising slowly to the right and dropping steeply towards the negative y-axis near x = 0]

Graph of log1
2
x

Let y = log1
2
x

x = 1, y = log1
2
1 = 0 (1, 0)

x = 2, y = log1
2
2 = log2−121 = (

1
−1

) log22 = −1 (2, −1)

x = 4, y = log1
2
4 = −2 (4, −2)

x = 
1
2

, y = log1
2
(
1
2

) = 1 (
1
2

, 1)

x = 
1
4

, y = log1
2
(
1
4

) = log1
2
(
1
2

)2 = 2 (
1
4

, 2)

[diagram: axes X'X and Y'Y marked −2 to 4 on x and −3 to 3 on y; points marked at (1
4

, 2), (1
2

, 1), (1, 0), (2,

−1), (4, −2); decreasing curve y = log1
2
x through them, rising steeply near the y-axis]

Graph of logax (a > 1)

[diagram: X and Y axes with origin O; increasing curve crossing the x-axis at 1, dropping steeply near the y-
axis]

Graph of logax (0 < a < 1)

[diagram: X and Y axes with origin O; decreasing curve crossing the x-axis at 1, rising steeply near the y-axis]

Ex 1) 2log25 = 5
2) log25 + log210 = log250

3) log210 − log25 = log2(
10
5

)

= log22
= 1

Logarithms ■ logarithmic form
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4) log32 log43 = log42

= log2221 = (1
2

) log22

= 
1
2

alogaN = N [circled]

logam + logan = loga(mn) [boxed]

logam − logan = loga(
𝑚
𝑛

) [boxed]

logaa = 1 [boxed]

logba · logcb = logca

5) log322 = ___
= log2521

= (
1
5

) log22

= (
1
5

)(1)

= 1
5

.

6) log52 = 
1

log𝑎5

log52 = 
1

log25

logbnam = (
𝑚
𝑛

) logba [circled]

Then a = 2

logba = 
1

log𝑎𝑏
 [boxed]

7 → 
log 4
log 2

 = ___

= log24
= log222

= 2 log22
= 2(1)

= 2
log 𝑎
log 𝑏

 = logba [circled]

Logarithms ■ logarithmic form
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