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Functions & Polynomial function

Functions

Def: A relation f from A to B is said to be a function if each and every element in A is associated to a
unique element in B. It is denoted by f: A — B (Read it as f maps A to B)

Ex [diagram: arrow diagram ffrom A = {1,2,3,4}toB={a, b,c, d}; 1 - a, 2 —a,3 > b, 4 - (]

f: A - Bis a function.

Ex [diagram: arrow diagram g from B = {1,2,3}to C ={a, b, ¢, d}; 1 — a, 2 — a, 3 not mapped]
g from B to C is not a function
Ex [diagram: arrow diagram h from C = {1,2,3}toD ={a, b, ¢, d}; 1 —»a, 1 - b, 2 - ¢, 3 joined to d]

h from C to D is not a function

Image - pre - image
If f: A — Bisa function and (a, b) € f then b is called image of a and a is called preimage of b

[diagram: arrow diagram f from A to B with a joined to b]

Domain, Codomain, Range

If f: A — Bis a function then A is called Domain of f and B is called codomain of f
The set of all f-images of the elements of A in B is called Range of f

It is denoted by f(A)

Ex [diagram: arrow diagram ffrom A ={1,2,3, 4 toB=1{qa, b, ¢, d}J

Domain = A ={1, 2, 3, 4}

codomain =B ={a, b, ¢, d}

Range of f = f(A) = {a, b, ¢}

Polynomial function

If f: R = Ris defined by

N + a, where a, # 0,

f(x) = apx" + a;x
a; a,---a, €R neWisapolynomial
function of degree n in x

Ex: f(x) = x> + 3x + 5 is a poly. function

of degree 2.

Note If the domain of a function is not given then its Domain is taken as the set of all real values of
x for which
f(x) is define.
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Functions I constant function

Ex f(x) = 3x + 5, Domain = R = (-0, o0)

Note Domain of a polynomial function is R.

constant function:

A function f: A — B is a constant function if the range of f contains only one element.
Ex: [diagram: arrow diagram ffrom A = {1,2,3,4}toB ={a, b, c}; allof 1,2, 3,4 - a]

Range of f = {a}

Graph of constant function is a line parallel to x-axis

Ex y=1f(x)=2

[graph: x-axis (y = 0) and y-axis; dashed horizontal lines y = 2 v'and y = 1, points (1, 2) and (2, 2) marked on
y=2

Identity function:

let A be a nonempty set then

f: A - Adefined by f(x) = x, VX € As

called the identity function on A and it is denoted by I,.

Ex [diagram: arrow diagram |, from A = {1, 2, 3, 4} to A = {1, 2, 3, 4}; each element mapped to itself]

Graph of identity function is a straight line passing through origin and inclined at an angle of 45° with

X-axis

[graph: line y = x through origin at 45° to x-axis, passing through (-1, 1), (1, 1), (2, 2)]

y =f(x) = x
x=1y=1
Xx=2,y=2
x=0,y=0
x=-1y=-1

Linear function:

lety =f(x) =ax+b(a#0)isa

linear function. It represent a straight line
Ex y =x+ 2isa linear function

putx = 0=y =2 - y-intercept (0, 2)

y =0=x= -2 - x-intercept (-2, 0)

[graph: straight line through (-2, 0) and (0, 2)]
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Functions ™ Quadratic function

Note y=f(x) =ax+b

(i) a > 0, Graph of f(x) is a straight line whose inclination is less than 90°

[graph: rising straight line crossing the x-axis with an acute angle marked]
(i) a < 0, Graph of f(x) is a straight line whose inclination is greater than 90°

[graph: falling straight line crossing the x-axis with an obtuse angle marked]

Quadratic function:

lety = f(x) = ax® + bx + c (a # 0) is called

a Quadratic function (or) Quadratic expression

Quadratic equation:
The equation ax? + bx + ¢ = 0 (a # 0) is

called a Quadratic equation.
Note: The roots of QE ax? + bx + c = 0 are

—b £ b —4ac _ M where A = b? - 4ac (- Discriminant)
2a 2a

A > 0 = Roots are real & distinct

A = 0 = Roots are real & equal

A < 0 = No real roots (Imaginary)

Note If a, B are the roots of ax®> + bx + ¢ = 0

then () sum of roots = a + g = —2 = - X c0~eft
a  x%co-eff

. ¢ Constant term
(i) product of roots = aff = — =

a x2co - effi.

V.Imp (iii) Difference of roots = |a - B| = \/4/|a| = ’bz — 4ac/|a|

Hint (a - B)? = (o + B)? - 4af
_ (_2)2 _4e b? — 4ac

a a a’

o - B = /bz — 4ac/[al

Result If o, B are the roots of ax? + bx + ¢ = 0

then ax® + bx + ¢ = a(x - a)(x - B)

proof ax? + bx + ¢ = a[x® + (é)x + E]
a a

- abé - (~2)x + =]
a a

= alx? - (o + B)x + op]
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Functions ™ Quadratic function

a[x® — ox - Bx + o]

ax — a)(x = PB)

Graph of y = ax? + bx + ¢

lety = ax® + bx + ¢ — General form

a[x® + (é)x + E]
a a

c 2
a[(x + 3)2 + — - b_]
2a a  4q2

2
a((x + 3)2 + ﬂ)
2a

4q2
2
y:a(x+£)2+4ac_b
2a 4q

— vertex form

(i) If a > 0 theny = ax® + bx + c represents

2
an upward parabola with vertex (—i, ﬂ
2a  4a

)

[t attains minimum value at x = —2_
a

4ac — b?
4q
2
..V x€R, Range = [4ac —b , 00)
4q

and that minimum value is

)
[graph: upward parabola cutting x-axis at two points, vertex at x = —i, y= u; labelled a > 0, A > 0]

2a 4a

[graph: upward parabola touching x-axis; labelled a > 0, A = 0]
[graph: upward parabola above x-axis; labelled a > 0, A < 0]

(i) Ifa <0, theny = ax? + bx + C represents

2
a downward parabola with vertex (—i, ﬂ)

2a 4q

[t attains maximum value at x = _Zi and
a

4ac — b?
4a

that maximum value is

4ac — b?
4q

-V x €R, Range = (—oo, ]

2
b y=Yac— b pelleda < 0,4 >

2a 4q

[graph: downward parabola cutting x-axis at two points, vertex at x = —

0

b s labelled a < 0, A = 0]

[graph: downward parabola touching x-axis at — 5
a
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Functions I observation Vertex form

4ac—b

2
[graph: downward parabola below x-axis, vertex at —E, s labelled a < 0, A < 0]

2a 4a
observation:
y = f(x) = a(x — a)(x — B) — Factored form
i)a>0,A>0

a+ﬁ’f(a+ﬁ
2 2

)]

[graph: upward parabola cutting x-axis at o and 3, minimum at (

(i)a<0,A>0

(0(

[graph: downward parabola cutting x-axis at a and 3, maximum fi ; ‘B) atx=2 + '8]

2

Ify = a(x - a)® — perfect square
()a>0

[graph: upward parabola touching x-axis at (¢, 0); A = 0]
(iDa<0

[graph: downward parabola touching x-axis at (o, 0); A = 0]

observation Vertex form

fx) =y = ax? + bx + ¢ — General form
2
= ax + i]z » dac—b”
2a 4q
y = a(x - h)? + k

— vertex form

b 4ac— b*

Vertex = (h, k) = (-—,
2a 4q

)

_ 2 b
Gac—b" o D
4q 2a

Graph ofy = (x —= 2)(x - 3)
[graph: upward parabola through (0, 6), cutting x-axis at 2 and 3, vertex (E, —%), passing through (5, 6)]
2

5 5 5
f=)=(=-2(=-3
(2) (2 )(2 )

1,1
(5)( E)
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Functions I observation Vertex form

(0, 6) = This is pt the curve cuts y-axis
Graphofy = x% + 2x + 1= (x + 1)°
[graph: upward parabola touching x-axis at (-1, 0), passing through (-2, 1) and (0, 1)]

x+1=0=>x=-1
>y=0

(-1,0)

put

x=0=2y=1

Graphofy = 2(x - 1)2 + 3
I — upward parabola, vertex = (1, 3)

[graph: upward parabola with lowest point labelled (1, 1), passing through (0, 5) and (2, 5)]
Graph of y = 4x% + 4x + 1 = (2x)? + 4x + 12 = (2x + 1)?

[graph: upward parabola touching x-axis at ( —%, 0), passing through (-1, 1) and (0, 1)]

2x+1=0
1

X=-_
2

1
Vertex = (-—, 0
( 5 )

Graph of y = x* + x + 1
a>0,A=b’°-4ac=1-4=-3<0
2
vertex = (—i, 4ac — b” ) ((or) f(—i))
2 4a 2a

"7

[graph: upward parabola above x-axis, vertex at x = —%, y = % passing through (-1, 1) and (0, 1)]

a=1
b=1
c=1

[sketch: small pair of axes]

Graphofy = x> - 5x + 6
a>0A=b%°-4ac=25-24=1>0
X2 —5x+6=0

Expresswala Education - Page 8 of 41



Functions I Solving Quadratic inequation

:(X—Z)(x—3)=0(or)x=M

2a
>x=2,32-03-0)
a+p 5
2 2
f(a+ﬁ):§_§+6:25—50+24:_1
4 2 4 4

Vertex = (E, —l)
2 4

1
[graph: upward parabola through (0, 6), cutting x-axis at 2 and 3, vertex (;, _Z)' passing through (5, 6)]

H.W Draw the graph
Dy=(x+2x-4)
@y =(@x+3)°
@y=2(x-2)°+5
@y=x>+6x+9
®y=x>+2x+3
®y=2x-5x-3

Solving Quadratic inequation

Ex Dy=x+1x-3)<0=>x€ (-1,3)
<0=>x€/[-13]
>0=XE (-0, =1) U (3, o)

>0=>XxXE (-, -1 U [3, =)

[graph: upward parabola cutting x-axis at —1 and 3 (each marked = 0); sign + left of —1, — between, + right
of 3; axis from —co to o]

Ex Qy=02x-12<0=>x€¢

1
<0>x€{Z)
2

>0=>x€eR {1} ( 1)U(1 )

__:_OOI_ _loo
2 2 2

20=>x€ER = (-0, )

Sol [graph: upward parabola touching x-axis at % (= 0); sign + on both sides; axis from —oco to oo]
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Functions I Solving Quadratic inequation

Ex 3y=(x-12-2<0=x€(1-2,1+2)
<0=2x€[1 -2, 1+2]

>0=Xx€ (-0, 1-/2)U(1+,/2, )
20=>X€(—00,1—\/?]U[1+\/_,00)

— upward parabola,
vertex = (1, =2)
y=0
>x-12-2=0
Sx-12=2

=>x -1 J_r\/j
=>x:1i\/7s/

[graph: upward parabola cutting x-axis at two points, both labelled 1 + \/2 (= 0); sign + outside, — between;,

axis from —co to oof

Ex y=9%°+6x+1<0=>x€0d

1
<0=>xe{-=
{3}
>0=x€( 1)U(1 ) =R {1}
—-00 —-__ - ©00) = -\ —
"3 3 3

>0=>x€eR
Sol y=(3x+ 1)
Here A =0

[graph: upward parabola touching x-axis at —% (= 0); sign + on both sides; axis from —oo to o]

3x+1=0

1
X=-_
3

Ex y=x+2x+5<0=>x€¢
<0=>x€d

>0=>x€R

>0=>x€eR

Sol a>0A=b%-4ac<0

[graph: upward parabola entirely above the x-axis; axis from —co to o]

VxeERyYy>0
a=1
b=2
c=5
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Functions I Solving Quadratic inequation

_>y=2x2+3x—5<0=>x6(—;1)
so:xe[—iﬂ
2
5
>o$xepwﬁiﬂﬂnw)

>0=x€E (-0, —;]UH,OO)

Sol a>0,A>0

2x> +3x-5=0
X:—bi\/ZT:—Si\/Zr_g
2a 4
_ 375,
4 2

[graph: upward parabola cutting x-axis at —; and 1 (each = 0); - between, + outside]

a=2

b=3

c=-5

A = b? - 4ac
=9 - 4(2)(-5)
=9+ 40
=49

Ex y=3B3-x)(x-2)<0=x€E (-0, 2)U (3, )
<0=>XxE€E (-, 2] U[3, )

>0=>x€ (2 3)

>0=>x€/2 3]

a < 0 - downward
[graph: downward parabola cutting x-axis at 2 and 3 (each = 0); — outside, + between; axis from —oo to oo]

Ex y=-x*+2x-1<0=>x€R-{1}
<0=>x€eR
>0=>x€d
>0=x€e({l}
y=-(%-2x+1)
= -(x =1y

a < 0 — downward parabola

[graph: downward parabola touching x-axis at 1 (= 0); sign — on both sides; axis from —co to oo]
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Functions I logarithms

Ex y=-2x*+x-7<0=>x€R
<0=>x€eR

>0=>x€d

>0=>x€d
a<0,A=(1)?%-4(-2)(-7)<0

[graph: downward parabola entirely below the x-axis]

VXxeER y<O0

y=-x+5Xx-6<0=xE (-0, 2) U (3, )
<0=XE (-0,2] U [3, )
>0=x€(23)
>0=>x€/2 3]
a<0,A=25-24=1>0
X:—bix/Zf:—Sil:

2,3
2a -2

[graph: downward parabola cutting x-axis at 2 and 3 (each = 0); — outside, + between, axis from —co to o]

lfa<p
Note and (x - a)(x — B) < 0 = x € (o, B) (less — lies)
<0=>XE/[ap]
>0=>XxE (-, ) U (B, =)
>0=>xE (-0, a] U[B, )
[graph: upward parabola cutting x-axis at o and ; + outside, — between, axis from —co to oo]
Ex x+1(x-3)<0=>x€(-1,3)
<0=>x€/-1,3]
>0 =>xXE (-o0, =1) U (3, )
>0 = xE (-0, —1] U [3, )
Ex B-x)(x-5 <0thenxe

I - (Xx=3)x-=5)>0=x€(-o0, 3) U (5, )

logarithms

20 = 1 then 0 is called logarithm of 1 to
the base 2

It can be write 0 = log,1
2'=2=1=lo0g,2
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Functions I logarithms

22 =4 =2 =log,4

27 1= -1= Iogz(%)

Note a*=N & x =log,N

wherea>0,a# 1, N>0, xR

[diagram: number line from —oo to co marking 0 and 1, with open circles at 0 and 1]

i.ea€ (0, 1) U(1, ) =(0, ) - {1}
N € (0, )

X € (=00, 00)

Remarks
02=0=2 = log,0
0°=0>3=log0}=2=3X
~a#0
12=1=2 =log,1
1¥=1=3=log;1}=>2=3X
Lazl
(-12=1=2=log_;1
(-1)*=1=4=log_1}=>2=4X
a </0
~a€0 MU,
Ex 2*=16 <4 =10g,16
log,x =5 & x = 2°
iex =32

-lTex-1=5""

Ex log,32 =7
Ans 5
v 2° =32
Ex Iog%ZS =-2

1 -2 -1\-2 2
—_ = 5 = 5 = 25
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Functions & Formulae

Ex logl3 = -1
3

Ex log39 =2

Formulae:

M log,1=0+a%=1wherea>0,a#1
Ex logz1=0

Ex log41 = undefined

Ex log_41 = undefined
@log,a=1~a'=awherea>0,a#1

Ex log,2 =1
Iog}(é) =1, log;1 = undefined.
5

@ log,(mn) = log,m + log,n
proof log,m = x, log,n =y
>m=a\n=2a
=>mn=a*-a
= mn = a**Y
= log,(mn) = x +y

= log,(mn) = log,m + log,n

m
@ |09a(z) = log,m - log,n

mn
Note Ioga(a) = log,m + log,n - log,p - log,q

m
® logyna™ = (Z) logya
Note 1)logya™ = mlog,a

2) log,ra = (1) logpa.
n

1
@ Iogba = IOg—b

a
@ loga - log,b = 1
logpa log.b = log.a
note log,alog.b logyc = logya
loga log.a

V©logya = logb ~log b

log a
log b

£ log(%)
Ogb

10) al°%N = N

Expresswala Education -
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Functions & Formulae

Ex 2/°93 =3
11) alogb = plog.a
Ex 20935 — 5|og32

12) If log,m = log,n = m =n

Graph of log,x

lety = f(x) = log,x

x=1y=log,1=0(1,0)
x=2y=log,2=1(21)

x =4,y = log,4 = 109,22 = 2 log,2 = 2(1) = 2 (4, 2)

1 1 1
= =,y =log,(=) = log,2™" = (-1) log,2 = (-1)(1) = -1 (=, -1
X ==y =logy(5) = log, (=1)logz2 = (-T)(1) =D
1 1
X=—y==-2(- -2
7Y (772

[graph: increasing log curve through (1, 0), (2, 1), (4, 2), dropping steeply near the y-axis below; axes marked

1
—-1to4 onxand -3 to 3ony, with > marked on x-axis]

Graph of log1x

2
lety = f(x) = log1x

2

x=1,y=logl1=0(1,0)

2
x =2,y =logl12 =log,-12" = (1/-1) log,2 = =1 (2, - 1)

2
x=4y=-2(4,-2)
X = ! =lo 1(1)—1(1 1)

277977 7

1 1
x=_y=2(=2
4y (4 )

[graph: decreasing log curve, high near the y-axis, crossing x-axis at 1 and falling below as x increases; x-axis
marked 1 1,2, 3,4, y-axis marked 1, 2, 3and -1, -2, -3, —4]
2
Graph of logx (a > 1)
[graph: increasing curve through (1, 0), dropping steeply near the y-axis]
Graph of log,x (0 <a < 1)

[graph: decreasing curve through (1, 0), rising steeply near the y-axis]
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Functions & Inequalities

Inequalities

®Dlogx>0ea>1,x>1(0r0<a<1,0<x<1

[graph: a > 1T — increasing log curve through 1, region x > 1 marked]

[graph: 0 < a < 1T — decreasing log curve through 1, region 0 < x < 1 marked]

@logx>20oa>1,x>21(0rn0<a<10<x<1
@logx<0ea>10<x<T(or)0<a<1,x>1

@logx<0ea>10<x<1(nN0<a<1x21

Ex 1)log,3 >0
1
2)logl(=) >0
2 3

3)log13 <0
2

1
4) Iogz(g) <0

5) logy30.5 >0
6) log,0.5 <0

7)log;,5.8 >0
8) |og%100 <0

Ex logg(x —2) >0thenxe ____
Sol logq(x=2)>0
>x-2>1
=>x>3

= X € (3, )

® logsy,1 =0

@ Iflog,x + log,(x + 1) = 1thenx = ___

- log,x(x + 1) =1
=S xx+ 1) =2
>x°+x-2=0
>x+2x-x-2=0
S5XXx+2)-1x+2)=0
=>x=T(r)x=-2
Forx = -2
log,x = log,-2 is undefined

X E -2
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Functions ™ Inequalities

ox =1

@ Solve log,( + x) = logy(x + 1) = 2

Sol —>Iog4(x2+x) =2
x+1
x(x+1

:>Iog4((xf1)):2
= log,x = 2

= x =42

=>x=16

® logsx + loggx® + log,,x® = 3
thenx=___

Sol logsx + logax? + logyax® = 3
2 3
= logsx + (E) logsx + (§) logsx = 3

= 3-logsx =3

= logsx = 1
= x = 3
=>x=3

m
logyra™ = (z) log,,a

1 1 1
®

1+ log bc 1T log,ac 1T log_ab T

1 1
sol = log a +log bc ¥ log, b + log,ac * log.c + log_ab
1 1 1
= + +
log,abc ~ log, (abc)  log.(abc)

= log,pca + 10gypb + log,pC

= log,p.abc

=1
I _ 1 v
099 = log, b

@ log,x* - log,ey® - log,ez® =

= (;)(logyx) : (;)(logzy) : (;)(logxz)
27
= (?) logyx log,y - log,z

= (2—7)(1)
8
27

8
logpa log,b = 1

Expresswala Education -
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Functions ™ Inequalities

logs2 - logy;5 - logs,11 =

= logs,2
= log,s2'

1
= (g) |0922
1 1
= (1) ==
(5)( ) z

(5.8)1095510) + 1 =

= 5.8/°9:510 . (5 8)!

= 10(5.8)
=58
aIogaN =N
gmHn = gm. gn
@ 2Iog425 —
— 2|092252
_ 25)leg;s
= plog,5 = §
aIogcb — blogca
(or) 2|Og425
— 25I0942

1
— 25(5) log,2

- 257= (75 =5
9 108(7y7) +1og(3y3) —log(5v5)

] 1og< (747) (343)

log 4.2

i log(—3
= 52
log 4.2
3
=log,,4.2)3

7232

= |094.2(?)E

Expresswala Education -
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Functions & Def: modulus function

N w

=a
log a

=
log b %4

@ Solve log,(3x - 2) = log1x
2

Sol log,(3x - 2) = log,-1x
log,(3x = 2) = (=1) log,x
log,(3x - 2) = log,x”"

>3x-2==—
X

=53x%-2x-1=0
3% -3x+x-1=0

=53xXx-1+1x-1=0
=>x=—%(or)1

forx = 1

log1x is not defined
2

Lx =1

Absolute value function (or) Modulus function

-1 = ~(=1) = 1
(Read it as mod of - 1)
0] =0

1] =1

Note |x|={x, x>0

-x,x <0}

Ex |-2|=-(-2)=2(-2 - -ve)

2| =2 @2 - +ve)
Ex |-3|=-(-3)=3(-3 - -ve)
3| =33 — +ve)

Def: modulus function

f(x) = |x| where x € R is called
modulus function

Domain = R, Range = [0, )
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Functions [ properties

Graph of f(x) = |X|

[graph: V-shaped graph with vertex at origin, arms through (1, 1), (+2, 2), (£3, 3); axes marked -3 to 4 on x

and 1to 3 ony]

y = f(x) = |x|
x=0,y=10=0
x=1y=|1=1
x=2y=|[2|=2
x==-1y=1
properties

@|x 20, VxER
@x=0=>x=0
*Qx=x=>x20
@ x| >x=>x<0
*ONK<x2xE ¢
® |-« = Ix]

v - for all.

|-x| =x7?
Suppose x = -2

LHS = |~(-2)] = |2 = 2
RHS =x = -2
LHS # RHS

@ X" = X"

@ [xyl = [x]lyl

“ @151 = Wy

VImp @ () []x] = Iyl < [x + yl < x| + ly|
() IIx] = Ivll < Ix =yl < [x] + Iyl

Vimp @ |x +y| = |x| + |y| forxy > 0
Ex x=0,y=-2=xy=0

LHS =[x +y| = [0 -2 = 2

RHS = |x| + |y] =]0] +]-2] =0 + 2 = 2} LHS = RHS

@ |x+y|<|x + |yl forxy <0
@ x| <a=-a<x<a
i.e X € (-a, a)

Xl <a=>-a<x<a
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Functions [ properties

i.e X € /[-a al

x| >a=>x<-a(or)x >a
i.e X € (—o0, —a) U (a, ©)
x| >a=>x< -a(or)x > a
i.e X € (-0, —a] U [a, )

less - lies

Ex T)|x|<2=>-2<x<2
iex € (-2, 2)
2)[x-3|<2=>-2<x-3<2
=>-2+3<x<2+3
=>1<x<5
=>X€(1,5)
3)|12x -3|22=>2x-3<-2(or)2x -3 22

=2x <1 (or)2x =5
1

SXL —_>2X 2 —

2 2
1 5 15
D> XE (-0, —]U[=, ) =R - (-, —
( 2] [2 ) (2 2)

[diagram: number line from —co to co marking % and ; shaded to the left of% and to the right of ;]

@ |x| = k= x = £k
Ex |x|=2=x=4%2
=> X € {-2, 2}

® x| =yl = x =y
Ex |x—2|=|3—2x|thenxe{§,1}

Sol x-2=4%(3-2x
Xx—-2=3-2x(onx-2=-(3-2x
SX+2x=3+2

=>3x=5

=>x=_

3
forx -= 2 =-3 + 2x

S>SX-2x=-3+2
= -x=-1

=>x=1
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Functions [ properties

Exs D|7|=7 (7 - +ve)
@|-7|==(-7) =7 (-7 - -ve)

@10/ =0
@Forx>3,|x-3=x-3(xx-320)

Forx <3, [x-3]=-x-3)=3-x(x-3<0)
®2x-3|=2x-3forx e ___

Sol 2x-320

=>2x >3

3
> X 2 —
2
=>x€[§,°°)
2

®|2x-3|=3-2xforx e ___
Sol 2x-3<0

=>2x<3

> X < —
:xe(—w,i)

@ Solve |x + 2| =5
Sol x+2=45
=>x+2=5(nNx+2=-5

=>x=3(or)x=-7

=X € {-7, 3}
x| = k
= x = +k

|2X—3|=|x2+2x|thenx=—21\[7
Sol 2x -3 = +(x* + 2x)
2Xx — 3 =x% + 2x (0r) 2x — 3 = —(X* + 2X)
= x% = =3 (no real )
=>2x -3 =-x2 - 2x

>x+4x-3=0

2
—x= —bEtVb"—4ac
2a

_ 4+ T6F 12
2
—4+ 78 —4+27
= = ——2+ 7
2 2 V7
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Functions [ properties

@|x-2|<3thenx e ___

Sol -3<x-2<3
> -3+2<x<3+2
=-1<x<5
=>Xx€(-1,5)

@0 Solve |2x - 3| < 3

Sol -3<2x-3<3
=>-3+3<2x<3+3
=>0<2x<6
>0<x<3=>x€/03

x| <a
> -a<x<a

x| < a

= -as<x<a.

H.W Solve
Dx-2|>5
@3-x27
@x-2|25

@ |x>+2x +5|=7

@ Sol|x-2|>5
=>x-2<-5(nx-2>5
=>x<-5+2(0nNx>5+2
>xX<-3x>7

= X € (-0, =3) U (7, =)
[diagram: number line from —oo to co with open circles at -3 and 7, shaded outward]

x| > a

=>x<-aornx>a
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Functions [ properties

@3-%x27
=>3-x<-7(nN3-x>7
=>-x<-10|-x>4

=>x210|x< -4
[diagram: number line from —co to co marking -4 and 10, shaded left of -4 and right of 10 with closed dots]
X € (o0, —4] U [10, o0)

@ x> +2x + 5| =7
S>x2+2X+5=+7
S>x2+2x+5=7(@nNXx*+2x+5=-7

5x2+2x-2=0@nNx°+2x+12=0

Sx=_PEVE
2a
_ -2+4+8
2
_—2x 12
2
_ —-2+23
2
=-1+.3
Here A < 0
No real roots.
x| =k
= x =tk

- Solve |x + 3| + [2 - 3x] =5 —@
2
Sol x+3=0:>x=—3|.2—3x=0:>x=§

.. . 2

Critical points = -3, 3
. . . 2
[diagram: number line from —oo to co marking -3 and §]

Case (i) Suppose x < -3

D= x+3]+]2-3x|=5x+3<0,2-3x>0)
=>-x-3+2-3x=5
= -4x =6

:>X:—§>—3

No real x.

N

Case (ii) Suppose -3 < x < —

w
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Functions [ properties

D=|x+3|+[2-3x]=5x+320,2-3x2>0)
=2>x+3+2-3x=5
=-2x=0
=>x=0
- x = 0 is the solution

2
Case (iii) Suppose x > 3

@=|x+3|+]2-3x|=5x+3>0,2-3x<0)
=>Xx+3+3x-2=5
=>4x =4
=>x=1
s x =T1is the sol.

Ans x €{0, 1}

X< —

3
3x <2
2-3x2>20
-3<x,0<x+3

2

X > —

3
3x<2,2-3x2>20

3x>2,2-3x<0

- Solve 3x - 2| +x =11
Sol Critical point = %
3x-2=0

X =

wil N

[diagram: number line from —co to co marking %]

2
Case (i) Suppose x < 3

Bx -2 +x=11(3x-2<0)
=2-3x+x=11

= -2x=9

9. .
=X = _E is the solution.

2
Case (ii) Suppose x > 3

I3x - 2| +x =11 (3x - 2 > 0)
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Functions [ properties

=>3x-2+x=11
=>4x =13

13 . .
=X = T|s also a solution

13

—<—(839
3 4( )

Ans XE {—2, E}
2 4

2

X < —

3
3x <2

3x-2<0
3
—>So|ve|x+2|—|x—1|<x—E
Sol Critical pts = -2, 1
[diagram: number line from —co to co marking -2 and 1]

Case (i) suppose x < =2

|x+2|—|x—1|<x—;(x+2<0,x—1<O)
3
5(-x-2)-(1T-X)<x-—
2
> -X-2-1T+x<x-—
2

=>—3<x—§

=>—3+§<x
2
3
= -_ <X
2
3
> X> ——

[diagram: number line marking -2 and —%]

No solution
Case (ii) suppose -2 < x < 1

|x+2|—|x—1|<x—;(x+220,x—1<O)
3
=>(x+2)—(1—x)<x—E
3
S5X+2-1T+X<Xx-—
2

3
=>Xx<——-1
2
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Functions [ properties

=2 X< —-_

[diagram: number line marking —;, -2, 1]

No solution

Case (iii) suppose x > 1

3
|x+2|—|x—1|<x—§(x+2>0,x—1>0)
3
=>(x+2)—(x—1)<x—E

=>x+2—x+1<x—§

2

=53 <x- =
=>_ <X

=X > —

[diagram: number line marking 1 and ;]

Ex Solvex? -5|x|+6<0

Sol: x =0 — Critical point
[diagram: number line from —oo to co marking 0]

Case (i) suppose x < 0
X2 - 5|x| +6<0
>x+5x+6<0
>xX+2)x+3)<0
=X € (-3, -2)
Common values (-3, -2)
Case (ii) suppose x > 0
X2 - 5|x| +6<0
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Functions [ properties

x> - 5x+6<0
=>x-2)x-3)<0
=>X€E (2 3)

Common values (2, 3)

From (i), (ii)

X€ (-3, -2)U (2 3)

x = 1]

Ex solve [x* - 4x| < 5
Sol > -5<x2-4x<5
=>x°-4x+5>0and x> -4x-5<0

a>0,A<0

[graph: upward parabola above x-axis]

=X € R
a>0A=16+20=36>0
x:ﬂ:—LS

2

[graph: upward parabola cutting x-axis at —1 and 5, — between]

=>x€(-1,5)
common values (-1, 5)
x| < a

= —a<Xx<a

*** Ex Solve |x% — 2x — 8| + |x% + x — 2| = 3|x + 2|
Sol |x®—-2x -8+ | +x-2|
= (x> - 2x - 8) — (x> + x = 2)|
= |-3x - 6]
=[3x + 6|
=3|x + 2|
This occurs when
x> -2x-8)(x*+x-2)<0
>X-4Hx+2)x+2)x-1) <0
X +y|=x +ly|lifxy>0v
X =yl =Ix +Iylifxy <0

[diagram: sign chart on number line from —oo to oo, critical points -2, 1, 4 (each = 0); signs +, +, —, +]

=>XE[1,4U{-2}
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Functions [ properties

I — The number of integers satisfying the equation

i+ 12257 = His s

X X

Sol — |x| + |4 = x?|/|x| = 4/|x| where |x] # 0
=X+ 4-x|=4
:x2+|x2—4|=4

=53+ |(x+2)(x - 2)| =4 —D
[diagram: number line from —co to co marking -2 and 2]

Case (i) suppose x € (=0, =2] U [2, =)
D=2+ x+2x-2)=4
>x+x°-4=4
=>2x° =8
. X —
- I;I = [x|/ly]
=>x2=4
=>X=12
Ans {-2,2}
Case (ii) suppose x € (-2, 2)
D=2x>-x+2x-2)=4
=>x° - (X -4)=4
=4=4
LXE(=2,2)
From (i), (ii)
X € [-2, 2] = No. of integral values = 5
-2,-1,0,1,2

I — The no. of integral values of x satisfying
[x = |x = 4|| =4is
Sol -x-|x-4|=14
=>x-|x-4|=4(onx-|x-4|=-4
=>x-4=|x -4
>|x-4=x-4
=>5x-42>0
=>x2>4
= X € [4, )
(T|=T,T20)
X+4=|x-4
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Functions [ properties

=>|x-4=x+4—Q)
[diagram: number line from —co to co marking 4]

Suppose x < 4

O=>4-x=x+4
=0 =2x
=5>x=0

(or) suppose x > 4

DO=>x-4=x+4
>-4=4X

No sol.

Finally x € [4, o) U {0}

x| =k

= x = +k
1
— Solve [x + —| > 2
X

1 1
Sol x+_<-2(nNx+_>2
X X

2
X +1<_2
X
x2+1
=
X
2
N +1+2x<
X
2
- (x+1) <0
X
=>x<0—O
x2+1
=
X
2
X +1
X
2 _
X +1 2x>
X
2
o X —2x+1>

+2<0

0

> 2

-2>0

0

0
x

2
N (x—1) 0
X
=>x>0—2)
x| > a
=>x< -a(or)x>a

From @), @
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Functions [ properties

x € R - {0}

[diagram: number line from —co to co with open circle at 0]

I — Number of integers satisfying |x = 1|/(x + 2) > 1is

Sol Given |x = 1|//(x + 2) > 1 —Q
[diagram: number line from —oo to co marking 1]

Case () x < 1

=>x-1<0
1—x
x+ 2
1—x
x+ 2
1—x—x-—-2

x+ 2
-1 - 2x
5 >0
x+ 2

1+ 2x
= <

x+2
=>(1+2x)x+2)<0

> 1

-1>0

>0

0

1
> XE (-2, ——
( 2)

. . . 1 . . 1
[diagram: number line marking -2, -1, _E' 0 with open interval from -2 to —5]

Integral value of x = -1
a 0
— <
b
=ab <0V

[diagram: sign chart with + left of -2, — between -2 and —1, + right]
2

Case(il)x>21=x-120

®=:’x—1>1
x+2
x—1
= -1>0
X+ 2
x—1—x—-2
= >0
x+ 2
= - 3 >0
x+ 2
3
= <0
x+ 2
=>x+2<0
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Functions [ properties

> X< -2

— No Common value
From (i), (ii)
The integral value of x is -1
No. of integers
=1

Ex Solve |

| <1
4x%2 49
Sol = 12|x|/(4x* +9) < 1—@

[diagram: number line from —co to co marking 0]

(i) Suppose x < 0
12x

- <
4x2 49

= -12x <4x° + 9

S4x° +12x+ 920

=>@2x+3)2>0

=>x€eR

I — Common values are x < 0
= X € (-0, 0)

Case (ii) Suppose x > 0
12x

— <
4x2 4+ 9
=>12x <4 + 9
=>4x° - 12x+ 920
=>(@2x-3)?220
=>x€R
Common values are x > 0
= X € [0, )
From (i), (ii)
X € (=00, 0) U [0, )

=X € R.
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Functions [ Square root of real number

Ex Solve|x - 1]+ |x -2/ =0—®
Sol
@ occursif[x -1/ =0and |x-2| =0

There is no x satisfying

Ans No real x

Square root of real number

Consider a2 = b= p=a
Ex 2°=4= /4 =2
3?=9=,9=3

Square root function

lety = f(x) = \/X is square function

Graph of y = f(x) = \/X
Domain = [0, «), Range = [0, )

[graph: curve starting at origin rising slowly to the right, through (1, 1) and about (4, 2); x-axis marked 1 to 4,

y-axis marked 1, 2]

Note y = f(x) = /X wherex >0
Ex /x = 2 isdefinedwhenx -2 >0
=>x2>2
= X € [2, )
- Domain of \/x = 2 is [2, =)
3
Ex Domain of \/2x — 3 is [E' o)
Sol 2x-32>0

3
S X > —
2
=>xE[3 )
_’OO
2

Ex Domainof /42 _ 5y ygis____
Sol x> -5x+62>0
>x-2)x-3)=20
= X € (=00, 2] U [3, o)

[graph: upward parabola cutting x-axis at 2 and 3 (each = 0); + outside, — between]
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Functions & Step of a real number

Ex Domain of /x - x| is

Sol x-|x/ 20
=X 2 |X|
= x| < x
= x| = x
=>x20
= X € [0, )
- Domain = [0, o)

*|x| < x No real x

1
Note y =f(x) = — wherex >0

Ex Domain of ! is
VX =72
Sol x-2>0
=>x>2
= X € (2, )

Domain = (2, )

X —2

Step of a real number

lfxeRandneZandn<x<n+1
then [x/ =n

(Read it as step x)

Ex 0<x<1=/=0
T<x<2=/x=1
2<x<3=>[x=2
-1<x<0=/=-1

—2<x<=-1=>[x=-2

Exs: [0]=0
(0.1 =0
[0.5] =0
[091=0
[0.9999] = 0
[17=1
[1.17 =1
[1.5] =1
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Functions & Step of a real number

[1.9] =1
[1.9999] = 1
[2] =2
2.1 =2
[25]=2
291 =2
[2.999] = 2
[-0.1] = =1

[diagram: number line marking -1, -0.1, 0, 1 with arrow from -0.1 back to - 1]

[-02] = -1
[-0.9] = -1
[-1]= -1
[-1.2] = =2
[-1.7] = =2
[-1.999] = =2
[-2] = =2

[diagram: number line marking -2, -1.2, 1]

[diagram: number line from -3 to 3 with braces over [-1, 0), [0, 1), [1, 2) each with an arrow back to its left
endpoint; 1.2 marked]

Exs: [05]=0
[-0.5] = -1
[1.2] =1
[-1.2] = =2
271 =2
[-2.7] = =3
0] =0

[17 =1

2] =2
[-1]=-1
[-2] = =2
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Functions [ properties

Def Step function (or) Greatest integer function

(or) floor function
lety = f(x) = [x/ is called a step
function

Domain = R, Range = Z
Graph of f(x) = [«

[graph: step graph with horizontal segments: y = -2 on [-2, =1),y = -Ton[-1,0),y =00n [0, 1),y = 1 on
[1,2),y =2on [2, 3), closed dot at left end, open circle at right end of each]

properties

@ <x,VXx€ER

@ =xVx€eZ

@ [x<x,VXER=-Z

@ [x] > x, for no real x

***®) V x € R k& Zthen [x+k =[x+k
Ex [x+ 1=+ 1

[x+1];t[]+1
—_ X —
2 2

® [-x=-x,)YXEZ
@D [-x=--1,¥YVXER-Z
Ex x=1.3
LHS = [-x) = [-13] = =2
RHS = =] = 1

=—/13 -1

=-1-1

=-2

- LHS = RHS
***@) [x] +[-x]=0,VXEZ
Ix] +[-x]=-1,¥VxeER-Z

@ ] =1x,¥x€ER
A x -1 <[x) <X, VXER
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Functions [ properties

Exs: 1) [x] < 2 then x € (-0, 2)
[diagram: number line from —oo to co marking 0 to 4, with brace loops over [0, 1), [1, 2), [2, 3)]
@ [x] < 2 then x € (-, 3)

[diagram: number line from —oo to co marking 0 to 4, with brace loop over [2, 3)]

@ [x] > 2 then x € [3, o).
[diagram: number line from —oo to co marking 0 to 4, with brace loops over [2, 3) and [3, 4)]
@ [x] > 2 then x € [2, )

[diagram: number line from —oo to co marking 0 to 4, with brace loop starting at 2]

® ] > -3 then x € [-2, )
[diagram: number line from —oo to co marking -5 to -1, with brace loops over [-3, -2) and [-2, —1)]
® [x] < -5 then x € (-0, —4)

[diagram: number line from —co to co marking -7 to -3, with brace loop over [-5, —-4)]

Ans [-5, ) X
(=00, =4) v
(-o0, =5] X
H.W
@D [x) < Tthenxe

@ x> -6thenxe
@ [ > -4thenxe .

Ex: Domain of \/x — [x]is ___

Sol x-[x=0
=X 2 [x]
= [x] £ X

=>x€ER

Ex: Domain of ————is

Sol x]-x>0
= [x] > X
No real x

XE
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Functions I fractional part of x

fractional part of x

1.7 =1+ 0.7 (1 - integral part, 0.7 — fractional part)
-1.7=-1-07

-1-1+1-07

-2 + 0.3 (-2 — integral part, 0.3 — fractional part)

2 =2+ 0 (0 — fractional part)

Def If x € R, the function f(x) = x — /x]

is called fractional part of x, it is

denoted by ]x[ (or) {x}
S =Ex -

Ex (1.7}=17-/177=17-1=0.7

(17 =-17-/-171=-17-(-2)=-17+2
=03

{23} =03

{-23} =07

{21=0

-1.7 = -2 + 0.3 (-2 — Integral, 0.3 — fractional)

-23=-3+07

Note Domain of x — [x] is R

Range of x — [x/is [0, 1)

Graph of x - [x]:
x=0,y=x-[x=0
x=03,y=03
x=0.7y=07
x=09y=09

x =0.9999, y = 0.9999
x=1y=0
x=13,y=03
x=17,y=07
x=19y=09

x =1.9999, y = 0.9999

[graph: sawtooth graph — line segments rising from each integer -2, -1, 0, 1, 2 on the x-axis up towards
height 1, open circle at the top of each]

period of x — [x] = 1
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Functions [ Exponential function

Ex Range of [x] — xis ___
Sol Range of x = [x/is [0, 1)
Range of [x] —= xis (-1, 0]

0<x—-/x<1
0>/ -x>-1
-1<[x-x<0

Exponential function

If a > 0, x € Rthen f(x) = a*is

called exponential function.
1
Ex: 2% (=)*=27*
2
Graph of 2%
[graph: increasing curve approaching x-axis on the left, passing through (0, 1), rising steeply on the right]
1 X =X
Graph of (=) =2
2
[graph: decreasing curve, steep on the left, through a point on the y-axis, approaching x-axis on the right]

Note Domain of a*(a > 0) is R.

Range of a* is (0, )

Graph of f(x) = 1
X

[graph: rectangular hyperbola — one branch in the first quadrant, one in the third quadrant, approaching
both axes]

Domain ofl =R - {0}
X

1
Range of — = R - {0}
X
1
Ex Vx€/[-35 —{0}then — € .
x
Sol [graph: hyperbolay = 1 with x-axis marked -3, 0, 5; values % and —% marked on the y-axis with
1
arrows upward from £ and downward from _§]
1

1 1
Z€E (-0, -Z]U[Z, oo
. ( 3] [5 )
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Functions [ Exponential function

1
Graph of f(x) = —
x2

[graph: two branches above the x-axis, rising steeply near the y-axis on both sides and approaching the x-axis
outward]

Domain = R - {0}
Range = (0, o)

Graph of f(x) = x?
[graph: upward parabola with vertex at (0, 0)]

Domain = R
Range = [0, o)
Graph of f(x) = x3

[graph: cubic curve through the origin, rising to the right and falling to the left; axes marked -1, 1, 2 on x and
-1, Tony]

Domain = R
Range = (-0, o) = R.

1
Graph of x + —.
X

[graph: branch in first quadrant with minimum at (1, 2); branch in third quadrant with maximum at (-1, -2);

—% marked on x-axis]

Domain = R - {0}
range = (oo, —2] U [2, )
Function | Domain | Range

® log,x | (0, ) | R
®axl(—00’00)= Rl(OIOO)

@ |R.|Z
@x-[|RI[O, 1)
® |x| | R [0, o)

® % | [0, ) | [0, )
®x+%|R—{0}|<—oo,—2]u[2,oo>

[sketches: small log curve and small exponential curve beside rows (1) and &)
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Functions 1 Graph of Vx

Graph of log_x

(a>1
[graph: increasing curve through (1, 0), dropping steeply near the y-axis]
(i0<a<1

[graph: decreasing curve through (1, 0), rising steeply near the y-axis]

Graph of a*

ia>1

[graph: increasing curve approaching x-axis on the left, crossing y-axis at 1, rising steeply on the right]
(i0<ax<1

[graph: decreasing curve, steep on the left, crossing y-axis at 1, approaching x-axis on the right]
Graph of [x]

[graph: step graph with horizontal segments y = -2 on [-2, -1),y = -Ton [-1,0),y =00n [0, 1),y = 1on
[1, 2); open circles at right ends; axes marked -2 to 2 on x, =2 to 1 on y]

Graph of x - [x]

[graph: sawtooth graph — line segments rising from each integer -2, -1, 0, 1, 2 towards height 1, open circle
at the top of each; x-axis marked -2 to 3]

Graph of \/x

[graph: curve starting at origin, rising through (1, 1) and flattening to the right; x-axis marked 1, 2]

JZ = 1414

Graph of x + l
X

[graph: branch in first quadrant with minimum at (1, 2); branch in third quadrant with maximum at (-1, -2);
x-axis marked -2, -1, 1, 2]
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