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Trigonometry up to Transformations

1. Trigonometric Ratio's

1. Trigonometric Ratio's

— [diagram: axes OX, OY; point P(x, y) joined to O with length r, angle 0 at O; horizontal x and vertical dotted

line y from P]

. y r
sin@ = = | cscO@ = —
r y

X r
cosO = — | sec® = —
r x

X

tan® = X|cot6 = —
X y

If 8 is acute (0° < B < 90°)

Yy _ opp.side of 6

then sinB = = =
T Hypo.
x  Adjacent side of
cosf = — =
r Hypo.
_y _0pp
tanB = < " Adj

1
| - ¢sc@ = —— = sinB-cscO =1

sin®
1
secO = —_ = cosB-secH =1
cosO
1
cotb = —_ = tanb-cotb = 1
tan0
| ~ tan® = sin®
cosO
ot = cosO
sin®

I - sin%0 + cos?0 = 1
= sin0 = 1 - cos?0

cos?0 = 1 - sin%0

I — sec?0 - tan%0 =1
= sec?® = 1 + tan’0

tan%0 = sec?0 - 1

I — €sc?0 - cot? =1

= csc®® = 1 + cot?®

cot?0 = csc?0 - 1
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Trigonometry up to Transformations

I — [diagram: circle with a full-rotation arrow around the centre and a radius]

1° = L (complete rotation (or) angle)
360

1
19 = 700 (complete angle)

1. Trigonometric Ratio's

I — [diagram: circle, sector with two radii r and arc of length r, angle 1° at centre]

1¢ = 1 radian

Complete angle = 360° = 4009 = 2mt©

Note : 180° = 2009 = 1t

r—1°¢
21tr = 21
- 360° = 210
180° = 10
90° = =~
2
Vs
60° = =
3
450 =
4
30°= 2
6
0°=0
30° family members
300 =~
"6
150° = 180° - 30° = T
6
210° = 180° + 30° = %”
11
330° = 360° — 30° =
6
T
450 = =
4
135° = 180° — 45° = OF
4
225° = 180° + 45° = 2T
4
7
315° = 360° — 45° =
4
T
60° = =
3
120° = 180° - 60° = 2?"
4
240° = 180° + 60° = ?”
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Trigonometry up to Transformations

300° = 360° - 60° = 5_7T
3
- 1x360° = 360° = 21 vV
2x360° = 720° = 4t vV
3x360° = 1080° = 6m v
4x360° = 1440° = 8 vV
5x360° = 1800° = 10m. v/

Sign's of Trigonometric ratio's

— Sign's of Trigonometric ratio’s

[diagram: axes X'OX and Y'OY dividing the plane into four quadrants]

llq (90° < B < 180°)

sin, csc } +ve.

Remaining T.R's are -ve.
lq (0° < 6 <90°)

All T.R's are +ve.

Illq (180° < © < 270°)
Tan, cot } +ve

IVq (270° < 6 < 360°)

COos, sec } +ve.

Reason

[diagram: axes with origin O; point P(x, y) in second quadrant joined to O by r; angle 6 at O measured from

positive x-axis]
90° < 6 < 180°
= P(x, y) € llq

=>x<0,y>0

r, always +ve.
\/sin6:2>0|csce>0
r
x
c056=;<0|sec<0
tan® < 0| cotb < 0

— [table]
Vi

60°=0[30°= = |45° = = | 60° = = | 90° =
- "6 T4 "3 "2

1
sind 0] = — Y31
2 V2 2

s
2
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Trigonometry up to Transformations i Sign's of Trigonometric ratio's

1 1
cos0] 11 Y31 ==1=0
2 VJZ 2
1
tand |0 [— [1]{/3 |
11143
1
cot30° = =
tan30° \/§
1 2
csc60° = —— = —
sin60° /3
sec60° = !
cos60°
=2
Result
sin(-0) = —sinB

cos(-06) = cosb v
tan(-6) = -tanB
cot(-6) = -cotb
sec(-0) = sec® vV

csc(-6) = —csch

[diagram: axes; P(x, y) at angle 6 above x-axis and P'(x, —y) at angle —0 below, both at distance r from O]

sSinB = X sin(-0) = x4
r r

= -sin®
X X
cosO = —, cos(-6) = —
r r
= cosO
Result

sin(90° - B) = cosB
cos(90° - B) = sinB
tan(90° - B) = cotb
cot(90° - 6) = tanB
sec(90° - 6) = cscO
csc(90° - 0) = secb.

[diagram: axes, right triangle O—(x,0)-P(x, y), hypotenuse r, angle 6 at O, angle 90° — 6 at R, sides x and y]
. Y. . x
sin@ = = | sin(90° - 6) = —
r r
= cosO
X
cosO = — | cos(90° - 0) = 4
r r

=sinB®
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Trigonometry up to Transformations i Sign's of Trigonometric ratio's

Results:

sin(90° + 6) = cosB v
cos(90° + B) = -sinb
tan(90° + B) = —cotB
cot(90° + B) = -tanb
sec(90° + 6) = —cscB
csc(90° + 0) = sec® v
sin(180° - B) = sinB v
cos(180° — B) = —cosb
tan(180° - 6) = —tan®

[diagram: axes labelled 0 and 90°, Il marked, arrow towards second quadrant]
[diagram: axes labelled 0 (360°), 90°, 180°, 270°; quadrants Il and | marked]

sin(180° + ©) = -sinB®
sec(180° + B) = —secO
sin(270° — B) = —cosO
tan(270° - B) = cotB
csc(360° - B) = —csch
cot(360° - B) = -cotb
tan(270° + 0) = —cotO
cos(360° - B) = cosO
cos(270° + B) = sinb

, 90°, 180°, 270°; quadrants |, Il, lll, IV marked]

[diagram: axes labelled = 000
Note The above results may be remembered as follows
(i) A =90° £ 6, 270° £ O then T.R must change

(sin < cos, tan < cot, sec < c¢sc)

(ii) A = 180° + B, 360° + 6 then T.R does not

change.

(iii) £ sign can be decided from the Quadrant in which A lies

Ex c¢sc(90° + ) = + sec
sec(180° - B) = —secH
cot(270° + B) = -tanb
tan(360° - B) = —tan®

[diagram: axes labelled 0 (360°), 90°, 180°, 270°]
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Trigonometry up to Transformations i Sign's of Trigonometric ratio's

Note Ifn € Zthen

sin(n-360° + B) = sinB®

cos(n-360° + B) = cosO

tan(n-360° + B) = tan®

sin(n-360° - B) = sin(-06) = —sinB®
cos(n-360° — B) = cos(-0) = cosO
tan(n-360° — B) = tan(-6) = —-tan®

Ex sin120° = sin(180° - 60°) = + sin60° = g

* cos120° = —l

cos(180° - 60°)

—cos60°
1

2

* c0s240° = —1
2

1
*tan210° = + —
V3

1
= tan(180° + 30°) = + tan30° = —
V3

[diagram: axes labelled 0 (360°), 90°, 180°, 270°]

2
*sec330° = + sec30° = —

NE;

* ¢sc240° = —cscb60°

El

*tan135° = —tan45° = -1

1
* c0s225° = —cos45° = ——

cos30° = \/37

QAo

sin60° = ¥ —
2

*sin750° =

= sin(720° + 30°) [720° crossed out]
= sin30°
1

2
*tan1470° =
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Trigonometry up to Transformations i Sign's of Trigonometric ratio's

tan(1440° + 30°) [71440° crossed out]
1

NE;

1x360° = 360°
2x360° = 720°
1x360° = 360°
2x360° = 720°
4x360° = 1440°

33m
* COS(T) =
= c0s1485°
= cos(1440° + 45°) [1440° crossed out, marked 4x360°]
1
VZ
(OR) cos(33_ﬂ) = cos(8m + g) [81t crossed out]
— 1 4
V2
%T = 33x45°
45
33
135
135
1485

| - sec(4_n) =
3

= sec(240°)
=-2

| - cot(ll_n-) =
3

= cot(660°)
= cot(360° + 300°) [360° crossed out]
—-cot60°

wl 3
I
o
o
(]
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Trigonometry up to Transformations i Sign's of Trigonometric ratio's

cos60° = 1
2

T

— =60°

3

60

11

660

tan60° = \/3’

I - Note
sin0° =0
sin90° = 1
sin180° =0
sin270° = -1
sin360° =0
sin450° = 1
sin540° =0
sin630° = -1
sin720° =0
cos0°® =1
cos90° =0
c0s180° = -1
cos270° =0
cos360° = 1
cos450° =0
cos540° = -1
cos630° =0
cos720° = 1

sin@ = =

cosO =

S IR3IIS

[diagram: axes with points (1, 0), (0, 1), (-1, 0), (0, —1) at distance 1 from origin (0, 0)]

Note sin6=0=>06=nm,ne’Z

cosO=0=0= m,nez.
2

tan@ =0=0 =nm

Ex sinmt =sin2mt =sin3nm=----=0

sin(-m) = sin(-2m) = -- =0
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Trigonometry up to Transformations i Domain and ranges of Trigonometric functions
T 3 5n n
Ex cos(z) = cos(7) = cos(—) = cos(7) =---=0.

Domain and ranges of Trigonometric functions

@D f(B) = sin®

[diagram: axes, point P(x, y) at distance r from O at angle 6, with x and y marked]

sin@ = 4
r

[diagram: y-axis with points P(0, r) and (0, -r), each at distance r from O]

Here x* + y? = 1°

—r<ysr

>-1<=<1

RER

= -1 in6<1,vBeR

IN
%)

.. Domain = R

Range = /-7, 7]

| - f©) = tane

_ sin®
cosO
where cosO # 0
=0z M necZz.
.. Domain =R - {w, neZj

[diagram: axes, point P(x, y) at distance r from O at angle 6]

tanB = % where x, y € R.

suppose x = 1,y = 10, tanB = 10
x =1,y =100, tan@ = 100
-.Range =R =tan6 € R

Note [table]
Function | Domain | Range
sinx |R| /-7, 7]
cosx |R| /-7, 7]
sinx _{(2n+ 1n

tanx = | R ,Nn€EZ}R
COSX
CoSsX

cotx=——|R-{nm, n€Z}|R.
sinx
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Trigonometry up to Transformations i Domain and ranges of Trigonometric functions

1
secx = R- (DT 7 (coo, 11U (1, 00)
COSX 2
Cscx = _L|R—{nn,neZ}|(—00,—1]U(1,00)
sinx
cosx =0
Ly o (2n+ 1)71"
2
ne’z
sinx=0
= X = NI,
neZz

[sketch: axes with lines at T and -1 and curves lying outside the band between them]

Graph of f(x) = sinx

7

[graph: sine wave through O, peaks at 1 (g, —377T), troughs at -1 ( _%’ 3775; x-axis marked -2, —37”, -, _E
0.2 73" o
2 2

period of sinx = 2.

Graph of cosx

. . . . . 3
[graph: cosine wave with maximum 1 at 0, minimum -1, x-axis marked -2m, —

T T
7 _T[/ = 0/ -7 T[/
2 2
period = 2m.
Graph of tanx
. . T 1w 3m

[graph: tangent curves through 0 and mt, with vertical asymptotes at —5 o 7]
period = Tt
Graph of cotx

. . . T 3r . .

[graph: decreasing cot curves crossing the x-axis at 3 and - with vertical asymptotes at O, i, 2m]
period = .
Graph of secx

[graph: U-shaped branch with minimum 1 at 0 between asymptotes —g and % inverted branch with

. T 3n
maximum -1 at i between asymptotes > and 7]

period = 2m
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Trigonometry up to Transformations i Domain and ranges of Trigonometric functions

Graph of cscx

s
[graph: U-shaped branch with minimum 1 at 5 between asymptotes 0 and m; inverted branch with maximum

-Tat 32_7T between asymptotes t and 2m]

period = 2.

Ex x =sin1, y = sin1° which one is greater
1=1°=57° (app)
X =sin57°y = sin1°
[graph: sine curve with points 1°, 1, 90° on x-axis; heights sin1° and sin1 marked on y-axis]
sin1° < sin1
=y <X

> X>Y.

Ex x=tanl,y=tan2, z = tan3 then
which one is greater
Sol 1=1°=57°

2=2°=114°
3=3“=171°
w1 31
[graph: tan curves with asymptotes at Y 5 ; points 1, 2, 3 marked on x-axis with heights tanT (positive),

tan3 (small negative), tan2 (large negative)]

tan1 > tan3 > tan2

Result If A, B are complementary angles
i.,e A + B =90°then

(i) sinA = cosB

(ii) cosA = sinB

(iii) tanA = cotB

(iv) cotA = tanB

(v) secA = cscB

(vi) cscA = secB

LHS = sinA = sin(90° - B)

cosB

(vii) sin®A + sin®B = 1

(viii) cos?A + cos?B = 1
(ix) tanA-tanB = 1
(x) cotA-cotB = 1

Expresswala Education - Page 13 of 52



Trigonometry up to Transformations i Domain and ranges of Trigonometric functions

LHS = sinA + sin’B
= cos®B + sin’B
=1 =RHS

Ex sin81° = cos9°
cos70° = sin20°
sin85° = cos5°
cos89° = sin1°
tan80° = cot10°
cot80° = tan10°

Ex sin5° + sin®10° + sin®15° + ---- + sin®85° = ____

5° 85°

10° 80°

15° 75°

20° 70°

25° 65°

30° 60°

35° 55°

40° 50°

45°

sin®5° + sin%85° = 1

G.E = 8(1) + sin%45°
=8+ (i)2

JZ

:8+1
2

=8
17
2
Result: If A, B are suplementry angles
i.,e A+ B =180°then (i) cosA + cosB =0
(i) tanA + tanB = 0
Sol: (i) LHS = cosA + cosB
cosA + cos(180° - A)

COsA — cosA
=0
(i) tanA + tanB
= tanA + tan(180° - A)
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Trigonometry up to Transformations i Domain and ranges of Trigonometric functions

= tanA - tanA
=0

Note : If ABCD is a cyclic Quadrilateral
then A+ C=180° B + D = 180°

[diagram: quadrilateral ABCD inscribed in a circle]

Ex If ABCD is a cyclic Quadrilateral
then cosA + cosB + cosC + cosD =
= cosA + cosB + cos(180° — A) + cos(180° — B)

= coSA + cosB — cosA - cosB =0

Results : 1) sin0 + cos*0 = cos®0 + sin“0 = 1 - sin®6cos’0
2) sin®0 + cos*0 = 1 - 2sin°0cos?0
3) sin®0 + cos®0 = 1 - 3sin®0cos?6.
Proof (i) sin0 + cos*0 = sin%0 + cos?6-cos?
= sin°0 + cos’6(1 - sin’0)
= sin’0 + cos’0 - sin’6cos’0

=1 - sin®0Acos?0

2) sin®0 + cos*0 = (sin%0)? + (cos®6)?
= (sin%0 + cos%0)? - 2sin’6cos?0
=1 - 2sin°0cos’0

a’+ b’ =(a+b)?-2ab

a’ +b®=(a+b)?

- 3ab(a + b)

Note If the given no's are +ve then their AM > G.M > HM

Result

1
fx>0thenx + - >2
X

Ifx<0thenx+ls—2
X

Proof Given x > 0

1
Consider x, —
X

1 1
AM:GM=XT7» x-(;)

2

:x+322
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Trigonometry up to Transformations M Ratio and proportion

Forx <0

Consider -x, —1
X

These are +ve
=>AM=>GM

P 1
= xzxz\/(—X)<—;>

S5X+_< -2
X

Result 1) sin®x + csc?x > 2
2) cos®x + sec®x > 2
3) tan®x + cot?x > 2

Proof Consider sinx, csc2x

AM > GM
.2 2
:>Sll’1 X+CSCXZ\/ﬁ
_— sin“x - csc4x
2
.2 2
= SiN“X + CsCcX > 2

Note x€R, [y2=xifx20
= -xifx<0.

Ex /1 —sin%100° = —
=,/cos2100°

= —cos100°
~ cos100° < 0
100° € Q,

Ratio and proportion

If — = Etheng =fe al+cm
B b d bl+dm
Componendo and dividendo
a+b c+d
If — = —then =
b d a—b c—d
a—b c—d
(or) —— =
a+b c+d
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Trigonometry up to Transformations ™ Compound angles

Compound angles

Formulae

Vv I'sin(A + B) = sinA cosB + cosA sinB
sin(A — B) = sinA cosB - cosA sinB
cos(A + B) = cosA cosB - sinA sinB
cos(A — B) = cosA cosB + sinA sinB

Vv Il sin(A + B) + sin(A — B) = 2 sinA cosB
sin(A + B) — sin(A — B) = 2 cosA sinB
cos(A + B) + cos(A — B) = 2 cosA cosB
cos(A + B) — cos(A - B) = -2 sinA sinB
cos(A - B) — cos(A + B) = 2 sinA sinB
A+B=C

A-B=D

2A=C+D

Ao CtD
2

B:C__D
2

Il sinC + sinD = 2 sin(C ; D) cos(C ; D)

c+D . C—D
) sin(

sinC - sinD = 2 cos( 5 )
C+D ()
cosC + cosD = 2 cos( -; ) cos( 5 )
cosC - cosD = -2 sin(C + D) sin(C _ D)
2 2
A B
IV tan(A + B) = —anattan
1 — tanA tanB
tanA—tanB
tan(A - B) =
1 + tanA tanB
cotA cotB — 1
cotA+B)y= —
cotB+cotA
Cot(A - B) = cotA cotB+ 1
cotB—cotA
T
_ _CcotA cotB
o4 1
cotA cotB
_ cotB+cotA
cotA cotB—1

Expresswala Education -
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Trigonometry up to Transformations ™ Compound angles

V sin(A + B)-sin(A - B) = sin®A - sin’B v
= cos’B - cos?A.
cos(A + B)-cos(A — B) = cos®A - sin°B v
= cos’B - sin®A.
tan’A — tan’B
1— tan?A- tan’B
cosf+sin® _ 1+ tanb _

cosf—sin@ 1 — tand
cosf—sin@ 1 — tan®
= = tan(

cosO+sin® 1+ tan® 4

tan(A + B)-tan(A - B) =

Vi

T T
tan(— + 6) = cot(~ - 6
an(4+) co(4 )

I

o - T
) = COt(Z + 0)

VIl sin(A + B + C) = X sinA cosB cosC - I1 sinA
sinf(A + B) + C]
sin(A + B) cosC + cos(A + B) sinC

(sinA cosB + cosA sinB) cosC + (cosA cosB - sinA sinB) sinC

= sinA cosB cosC + cosA sinB cosC + cosA cosB sinC
- sinA sinB sinC
= Y sinA cosB cosC - I1 sinA.

cos(A + B + C) =1 cosA — X cosA sinB sinC.
2 tanA — II tanA

1 — X tanA tanB
_ (tanA +tanB + tanC) — (tanA tanB tanC)

1 — [tanA tanB + tanB tanC + tanC tanA]

-1
VIl sin15° V3

tan(A+ B+ C) =

2y2
+1
cos15° = \/3
22
tan15° =2 - \/§

cot15° =2+ /3
Hint sin(A — B) = sinA cosB — cosA sinB
A =60° B = 45°

Results:Ina AABCi.e A + B + C = 180° then
Vv (i) X tanA = M tanA

Vv (i) X cotA cotB = 1
1 + cosA cosB cosC

cosA cosB cosC
Proof (i) A+ B+ C = 180°

=>A+B=180°-C
= tan(A + B) = tan(180° - Q)

V (iii) X tanA tanB =

Expresswala Education
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Trigonometry up to Transformations ™ Compound angles

N tanA+tanB
1 — tanA tanB
= tanA + tanB

= —tanC + tanA tanB tanC
= 2 tanA
= [1tanA

= —tanC

(i) A+ B+ C = 180°
= A+B=180°-C

= cot(A + B) = cot(180° - Q)
. cotA cotB—1

cotB+cotA

= —cotC

= cotA cotB - 1 = —cotB cotC - cotA cotC

= X cotA cotB = 1

(iii) cos(A + B + C) = 1 cosA — X cosA sinB sinC

:cos(A+B+C)

cosA cosB cosC

1
= - =1 - X tanB tanC
cosA cosB cosC
1

=>XYtanBtanC=1 +
cosA cosB cosC
cosA cosB cosC+ 1

cosA cosB cosC

=1 - X tanB tanC.

= 2 tanA tanB =

A+B+C=180°
cos(A + B + Q)
= cos180°
=-1

Result: If A + B + C = 90° then
(i) X cotA =T cotA
(ii) X~ tanA tanB = 1
Hint A+ B =90°-C
= cot(A + B) = cot(90° - C)

Result If A + B = 45° (or) 225° then
v (i) (1 + tanA)(1 + tanB) = 2
v (i) (1 = cotA)(1 — cotB) = 2
v (i) (1 + cotA)(1 + cotB) = 2cotA cotB
Replace tanA, tanB by cotA, cotB
Proof
A+ B=45°
= tan(A + B) = tan45°

Expresswala Education -

Page 19 of 52



Trigonometry up to Transformations ™ Compound angles

N tanA+tanB B
1 — tanA tanB
= tanA + tanB = 1 — tanA tanB

= tanA + tanB + tanA tanB = 1
= 1 + tanA + tanB + tanA tanB
=2

= (1 + tanA) + tanB(1 + tanA)
=2

= (1 + tanA)(1 + tanB) = 2

Ex (1 + tan22°)(1 + tan23°) =2
Ex sin®5215° — sin®221,° =
= sin(52"2° + 22'2°) sin(52'2° - 22'/2°)
= sin75° sin30°
= cos15° sin30°
V3 + 1)(1 _V3+1
22 2 4.2
sin’A - sin’B
= sin(A + B) sin(A - B)

9° in9°
Ex P.T m = cot36°
€c0s9° — sin9°
= tan(45° + 9°)
= tan54°
= cot36°
cosB+sin® 1 + tan®
cosf—sin@ 1 — tan®

A
=tan(— + 6
an(4 )

= (

Ex tan100° + tan125° + tan100° tan125° =
Sol 100° + 125° = 225°

= tan(100° + 125°) = tan225°
N tan100° + tan125°

1 —tan100°tan125°
= tan100° + tan125° = 1 - tan100° tan125°

= tan100° + tan125° + tan100° tan125° = 1

Ex: prove that tan70° - tan20° = 2tan50°
Sol 70° - 20° = 50°
= tan(70° - 20°) = tan50°
N tan70° — tan20°
1 + tan70°tan20°

= tan50°

Expresswala Education
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Trigonometry up to Transformations M Multiple and Sub multiple angles

tan70° — tan20°
=

5 = tan50°
= tan70° - tan20° = 2tan50°
A+ B=90°
tanA-tanB = 1

Multiple and Sub multiple angles

Vv 1) sin2A = 2sinAcosA = ﬂ.
1 + tan24
cos2A = cos’A — sin®A.

=1 - 2sin®A.

= 2cos’A - 1

_1-—tan?4

"1+ tan24’
tan2A = 2tanA

1 —tan24’
sindA = 2sin2A cos2A
Sin8A = 2sin4A cos4A
Sin16A = 2sin8A cos8A
sin20° = 2sin10° cos10°
X X
sinx = 25in(§)cos(5)
sin100° = 2sin50° cos50°
2sin2y cos2y = sindy

2sin8x cos8x = sin16x

2) 1 - cos2A = 2sin’A.
1 + cos2A = 2cosA

1 — cos24 5
— = tan‘A
1+ cos24
o sin?A = L= C0s24 CZOSZA
CoS2A = 1+ cos24
2
2 1 — cos24
tantlA= ——
1 + cos24
— CcoS
SinA = + 5
1+ cos24
COSA = T
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Trigonometry up to Transformations

1 — cos24
tanA =+ 1T o524

3) sin3A = 3sinA - 4sinA.
cos3A = 4cos3A - 3cosA.
3tanA — tan34

1+tan2(

tan3A =
1 — 3tanZ4
4) sinA = 2sin(A)c05(A)
202
COSA = cosz(é) - Sinz(é)
2 2
A
=1 - 2sin®(=
(2)
A
=2cos’(=) - 1 =
2tan(£)
tanA = —ZA
a2 A
1 —tan (2)

A
5) 1 — cosA = 25in2(§)

A
1 + cosA = 2cosz(§)

= sinz(é) = —1 _;:OSA
A 1 A
COSZ(—) = ﬂ
2 2
1- A
tanz(é) __—cosa
2 1 + cosA

A — cosS
sin(—) = + ’—
) 2
cos(A) . 1+ cosA
2 - 2

A
tan(z) = = | T4 cosh

2an (4
4
2

1+tan2(

1—tan2(

Multiple and Sub multiple angles

)

)
)

NN
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Trigonometry up to Transformations M Multiple and Sub multiple angles

A A

6) sinA = 3sin(=) - 4sin3(=
) (3) (3)
cosA = 4cos3(§) - 3cos(§)

st (4) (1)

tanA =
_ 2(4A
1 — 3tan (3)
_ 3
tan3A = 3tanA — tan° A4
1 — 3tan24

@ sin18° = V5 -1 = cos72°
4

/10 + 24/5
cos18° = \/_ =sin72°
4
’10 -2
sin36° = Vo = cosb4°
4

Cc0s36° = \/-5 +1. = sin54°.

®) sin221,° =

cos22">° = ’ 2\/2 —sm671/z

tan22"2° = 2 -1 = cot672°
cot22'2® = /2 + 1 = tan67">°.

— COS
Hint sm( )=+
1 — cos45°
A = 45° sin22"2° = - 5

Results :
Dtan7e = (/3 - yDWZ - V=6 - V& - V3 + V2
cot7%2® = (/3 +2)2 + 1)

tan37'2° = (/3 - 2)/2 + 1)
cot37%2° = (/3 +/2)Z - 1)

= cos67->°

o

Proof tan7V2° = sin7%%—15° = 2sin°7'%

cos7 2sin7 ¥ °cos7 ¥ °

_ 2sin7 %2 °cos7 V2 ° sin15°

= [this line crossed out]

2c0s27 1 ° 1 + cos15°
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Trigonometry up to Transformations M Multiple and Sub multiple angles

V3 -1
2.2
V3+1

1+ N
J3-1

= [crossed out]
2yZ+3+1

[crossed out]

= V6 +y2 -3 -2
=3 -v2)2 -1
:1—c0515°
sin15°
_ (Bl
- (55)
J3-1
22

=B

) (211
SB-1 B+l
_26+2yZ-3—y3—y3—1

_ 26 +2{2 - 22\/3 -4
2
Result @ (i) cotA - tanA = 2cot2A
(ii) cotA + tanA = 2csc2A.
V (iii) cotA - tanA - 2tan2A - 4tan4A = 8cot8A.

Proof (i) LHS = cotA - tanA
_ CcosA  sinA

sinA  cosA
cos?A — sin?A

sinA cosA
cos24
= = 2 ZA
(l) - (sin24) cot
2
a-x=b
a-b=x

(iii) cotA - tanA = 2cot2A
= tanA = cotA - 2cot2A. v/
cotA - tanA - 2tan2A - 4tan4A.
cotA — (cotA — 2cot2A)
— 2(cot2A — 2cotd4A) — 4(cotdA — 2cot8A)
= cotA - cotA + 2cot2A — 2cot2A
+ 4cotd4A — 4cot4A + 8cot8A
= 8cot8A.

LHS
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Trigonometry up to Transformations M Multiple and Sub multiple angles

Result @ (i) tan(g)ﬂ + secB) = tan®
(i) tan(g)ﬂ + secB)(1 + sec206) = tan26
(iii) tan(g)ﬂ + secB)(1 + sec20)(1 + sec40) = tan40

Proof (i) LHS = tan(g)ﬁ + secB)

—_
+
(@]
]
wn
D

sin86

8sin0O
sin166

16sin6

(iii) cos® cos28 c0s2%0-c0s230 ---- cos2"0 =

Result @ (i) cosB-cos26 cos48 =

(i) cosB cos26 cos40 cos86 =

sin2"t1g
2"+ 1.5ing
Proof (i) LHS = cosB cos26 cos46

1
= (——)(8sinB-cosB cos26 cos46)
8sin0

1
9)[4(25[/’796059)C0529 cos40]

8sin

=( )[4sin26 cos26 cos40]

8sin0O

1
= (———=)[2(2sin26cos26)cos40]
8sin0

1
= (———)(2sin46co0s46
(8sin9)( )

— ( 1
8sin0

_ sin86
8sind

)-sin86
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Trigonometry up to Transformations M Multiple and Sub multiple angles

E rove that cos(27T)cos(47T)cos(6 ) !
X: JE— J— )= _
P 7 7 7 8
Sol LHS = cos(z_ﬂ)cos(4_n)cos(6_ﬂ)
7 7 7
s 21 4m
= —C0s(z)cos(—)cos(—
( )cos( 7 )cos( 5 )
an(%)
“[—=<
. 3
8$n(7)
. A . T
_ _sm(n+ ;) _ _—sm(;) _ l
. m . s 8
8sm(7) 851r1(;)
61
v coS(—
( > )
= cos(r - )
cos 7
= —cos(E)
7
Result ® If a;, a,, ---- a,, are in A.P with common difference 'd' then
+a, sm< )
(i) cosa; + cosa, + cosa; + ---- + cosa, = cos( 1 y
sin( )
sm(—d)
(i) sina; + sina, + sina; + ---- + sina,, = sin( @t an Z
" (2)
2
Hint
. - . . d
multiply and divide with 2$|n(§)
2r 4r 61
Ex cos(—) + cos(—) + cos(—) =
( > ) ( 5 ) ( > )=__
2 2
_n 4_n,6_n————are|nAP d= il
7 7 7 7
d T
2 7
Hint multiply and divide with
2sin(?) = 2sin(2)
sin ) = sin =
1 yis I8 T
GE=(C _ /=n )[2cos(2—n)sin(—) + 2cos(4_n)sin(—) + 2cos(6_n)sin(—)]
2sin(2) 7707 707 707

= ( - )[(sm(gn)—sm( =) + (sin( )—sm(3 )
231n(7) 7 7 7

. . 5w
+ (sinTt sm(7))]
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Trigonometry up to Transformations M Multiple and Sub multiple angles

Sin(;) 1

. Vs
251n(;)
2CcosA sinB
=sin(A + B) - sin(A - B)

Note: Leta= cos(27n), b = cos(47n), Cc= cos(67n) then

2T 41 61 1
v ()a+b+c=cos(—) + cos(—) + cos(—) = ——=
(1) (7) (7) (7) >
2T 41 41 6m 6m 2T
i) ab + bc + ca = cos(—)cos(—) + cos(—)cos(—) + cos(—)cos(—
(i) (7) (7) (7) (7) (7) (7)
__1
2

V (iii) abc = cos(27n)cos(4_n)cos(6_n) = l

1 4 21T 6m 4 é6n 2T
Proof LHS = (2)[2 — —)+2 — —)+2 — _
roo S (2)[ cos( 7 )cos( Z ) + 2cos( Z )cos( 7 ) + 2cos( 5 )cos( 7 )]
= (%)(cos(67n) + cos(27n) + cos(lg—n) + cos(27n) + cos(87_n) + cos(47n))
2cosA cosB = cos(A + B) + cos(A — B)
= (%)[Z(COS(Z;) + c05(47n) + c05(67n))]
= cos(zn) + cos(4n) + cos(6n)
T 7 7
1

2

8m
cos(—
(7)
61
= cos(21m - —
( 7)
6m
= coS(—
(7)

cos(&)
7

Ex sin(g) sin(27n) sin(37n) = \/7

T 2T 3T
Sol let k = sin(=) sin(—) sin(—
o (7) (7) (7)

k2 = sinz(E) sinz(z_n) sin2(3—ﬂ)
7 7 7
21 4 (/4
_ (1 —cos(;))(l —cos(7))(1 —cos(;))
2 2 2
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Trigonometry up to Transformations M Multiple and Sub multiple angles

1
= (§)(1 —a)(1-b)(1-9

= (%)[13 - (@a+b+0)(1)? + (ab + bc + ca)1 - abc]

1 1 1. 1 1.7 7
:_1——_ — )| = (=)(=) = —
(8)[ (2)+(2) 8] (8)(8) 2
(x = a)(x = b)(x - c)
=x>-(@a+b+ox
+ (ab + bc + ca)x

- abc.
1 — cos24
5 .

21
where a = cos(7)

sin%A =

i

b = cos(—

( 7 )

c= cos(6_n)
7

Result If x = 60° (or) 120° (or) 240° (or) 300° then
(i) sin® sin(x + B) sin(x — B) = (%)sinSG
(i) cosO cos(x + B) cos(x — B) = (%)cos3e
(iii) tan® tan(x + B6)-tan(x — B6) = tan30
(iv) cotO cot(x + B) cot(x — B) = cot36
Ex : sinB sin(60° + 6) sin(60° — 6) = (%)sinSG

= sinB[sin%60° — sin?0]

= sine[E - sin’0]

4

sin(A + B)-sin(A — B)

= sin%A - sin°B

sin60° = V3

2
)
_ sin9[3 — 4sin 0]
4

= (%)(BSInG - 4sin%0)
= (%)sin?)e.

= RHS
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Trigonometry up to Transformations M Multiple and Sub multiple angles

Ex co0s20° cos40° cos60° cos80° =

= (%)[COSZOO cos(60° + 20°) cos(60° - 20°)]
= (1) (1)c05[3(20°)]
2 4

1 1. 1 1
= (_ 60° = (— )= __
(8)cos (8)><(2) T

cos60° = l
2
cosB cos(60° + B)
cos(60° - )
= (l)cos36
4

Ex If A = tan6° tan42°, B = cot66° cot78° then

A tan6°tan42°
Sol — =

B  cot66°cot78°
= tan6° tan42° tan66° tan78°

then é =
B

_ tan6°tan (60° +6°) tan (60° — 6°)  tan18°tan (60° — 18°) tan ( 60° + 18°)

tan (60° — 6°)
_ tan18° - tan54°
tan54°tan18°

A
—=1=>A=8B
B

Result If x = 60° (or) 120° (or) 240° (or) 300° then
Vv (i) tan® + tan(x + B) — tan(x — 6) = 3tan36

= 3tanO tan(x + ©) tan(x — ©)
(i) cotB + cot(x + B) — cot(x — 6) = 3cot36

= 3cotB cot(x + 6) cot(x — 6)

(iii) cot(x + B) cot(x — B) + cot(x — B) cot® — cotb cot(x + B) = 3
(iv) tan(x + B) tan(x — B) + tan(x — B) tan® - tanB tan(x + 6) = 3

Proof (i) LHS = tan® + tan(60° + 6) - tan(60° — 0)
~tand + ( V3 + tanb )_(\/?—tane
1-y3-tan® 1+ ./3tand
3tand — tan39)
1 — 3tan?0
= 3tan36
tan(A + B)
_ tanA+tanB
"~ 1 — tanA tanB

)

= 3(

tan18°
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Trigonometry up to Transformations M Multiple and Sub multiple angles

Vv — tan® + tan(60° + 0) - tan(60° - ©) = 3tan30 = 3tan6 tan(60° + ©)
tan(60° - )
Vv = cot(60° + B) cot(60° - B) + cot(60° — 6) cotd — cotb cot(60° + 6) = 3

— cot76° cot44° + cot44° cot16° - cot16° cot76° = 3

Result 1) cos® + cos(120° + 6) + cos(120° - 6) =0
3

2) cos30 + cos3(120° + 0) + cos3(120° - 0) = (Z)COS39
Sol 1) LHS = cosB + cos(120° + B) + cos(120° - 6)

= cosO + 2co0s120° cosO

1

= cosO + 2(—§)cose

= cosB - cosb

=0 =RHS
2)Ifa+b+c=0

= a’ + b? + ¢ = 3abc

3

cos30 + cos3(120° + 6) + cos3(120° - ) = 3cosO cos(120° + B) cos(120° - ) = (Z)cos39
cos(A + B) + cos(A - B)

= 2cosA cosB

3
Result 1) sin%0 + sin(60° + 0) + sin%(60° - B) = >

2) cos® + cos?(60° + 0) + cos?(60° - 0) = %

Proof 1) LHS = sin%0 + sin®(60° + 6) + sin(60° — )
_1—cos20 .\ 1 —cos(120°+ 260) .\ 1—cos(120°—260)

2 2 2
3 1
= 5 - (E)[COSZQ + cos(120° + 20) + cos(120° - 26)]
3 1
=2 - (D)0
2 2
= E = RHS
2
3

Ex sin®10° + sin%70° + sin250° = 5
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Trigonometry up to Transformations M Multiple and Sub multiple angles

Result If A + B = 60° then

(i) cos®A + cos?B — cosA cosB =

B w

(i) sin®A + sinB + sinA sinB =

NN

Proof Given A + B = 60°

cos?A + cos’B — cosA cosB

1
= cos?A + 1 - sin’B - (E)(ZcosA cosB)
1
=1+ cos(A + B) cos(A - B) - (E)[COS(A + B) + cos(A - B)]

=1 + cos60° cos(A - B) - (%)[Cos60° + cos(A - B)]

1 1 1 1 3
=1+ (=)cos(A-B)- —-(=)cosA-B)=1-_=_
(2) ( ) 7 (2) ( ) 777

3

Ex: cos?76° + cos?16° — cos76° cos16° = 2

If A-B=60°

AW

then cos?A + cos?B — cosA cosB =

Note

VI F sin24 = [cosA + sinA|
VI —sinZ24 = [cosA - sinA|
VI +sinA = |cos(§) + sin(§)|
JT=5TA = |cos<%‘> - sin(’g)l
Hint \/T + sin24

- \/COSZA + sin%4 + 2sinA cosA

= \/(cosA+ sinA)2

= |cosA + sinA|

JeZ= I
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Trigonometry up to Transformations M Multiple and Sub multiple angles

A A
Note IfC = COS(E)' S = sin(E) then

T
[diagram: two crossing lines through a point, ends labelled 7 (9771)1 3_7T ST

LT st e e e
44 4 4"

four regions]
topregion:C+S>0,C-S<0
left region:C+S <0,C-S<0
right region:C+S>0,C-S>0

bottom region:C+S <0,C-S>0
Ex cos10° - sin10° > 0, cos130° - sin130° < 0

Ex 4sin27°=___

Sol let A =54°

> g = 27° € (-45°,45°)

=5C+S>0
C-S>0

cos(é) + sin(é) >0
2 2
cos(A) - sin(A) >0
2 2
A A A A
V1 + sinA = ICOS(E) + sm(z)l = COS(E) + sm(i) —®
A . A A . A
VI —=sinA = ICOS(E) - sm(z)l = COS(E) - sm(i) —@

[both expressions inside the bars marked +ve]

A
v/1+ sinA —+/1 —sinA = 25|n(5)
put A = 54°
V1 + sin54° - 4/1 — sin54° = 2sin27°

() (e
f+ﬁ—f—ﬁ .
= 2sin27°
2

:>4sin27°:\/5+\/§—\[3—\/§
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Trigonometry up to Transformations i componendo and dividendo Rule

componendo and dividendo Rule

a c a+b c+d
If — = —then =
b d a—-b c—d
a—b c—d
(or) =
a+b c+d
. A N tan(A+B)
: X are
Note : If—:S?n = Y- AEB
Y sinB Xx-—Y tan(T)
Proof—=ﬂ
Y sinB
. (A+B A-B
_ Xty _sinA+sinB _ ZSIH(T)COS(T)
X—7y sinA—sinB ZCOS(A;B)Sin(A;B)
A+B
_tan ()

A—-B
tan (222

X X+ i
Note If — = tanA then y = STH(A-I_B)
Y tanB x—y sin(A—B)
X  tanA
Proof — =
Y tanB

- x+7y tanA+tanB
x —y tanA—tanB

sinA sinB

cosA cosB _

sinA cosB+cosA sinB

sinA _ sinB  ¢inA cosB—cosA sinB

cosA cosB

sin(A+B)
sin(A—B)

Transformations

1) sin(A + B) + sin(A - B) = 2sinA cosB
sin(A + B) — sin(A — B) = 2cosA sinB
cos(A + B) + cos(A — B) = 2cosA cosB
cos(A + B) — cos(A — B) = —2sinA sinB
cos(A — B) — cos(A + B) = 2sinA sinB

2) sinC + sinD = 25in(C -; D) cos(C ; D)

D —D
sinC - sinD = 2cos(C; ) sin(C 5 )
C+D C—-D
cosC + cosD = 2cos( ; ) cos( 5 )
cosC - cosD = —2$in(C _; D) sin(C ; D)
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Trigonometry up to Transformations i componendo and dividendo Rule

Result:Ina AABCie A+ B+ C=180°(or m

then (i) sin2A + sin2B + sin2C = 4sinA sinB sinC

(i) sinA + sinB + sinC = 4cos(§)cos(g)cos(g)

V' (iii) cos2A + cos2B + cos2C = =1 - 4cosA cosB cosC

(iv) cosA + cosB + cosC =1 + 4sin(g)sin(§)sin(g)

Proof (i) Given A + B + C = 180°
LHS = sin2A + sin2B + sin2C
= 2sin(A + B)cos(A - B) + sin2C
= 2sinC cos(A - B) + 2sinC cosC
= 2sinCJcos(A - B) + cosC]
= 2sinCJcos(A — B) — cos(A + B)]
= 2sinC/2sinA sinB]
= 4sinA sinB sinC
= RHS
Rem
Formula
Replace
Simple
Replace
Formula
sinC + sinD
C—-D

= Zsin(C _; D)cos( 5 )

sin(A + B) = sin(180° - C)

= sinC

cosC
= cos(180° - (A + B))
= —cos(A + B)

(iv) Given A + B + C = 180°

LHS = cosA + cosB + cosC

A+ B
= 2cos( ; )cos( 5 ) + cosC

= 25in(£)cos(A _ B) +1- 25in2(£)

2 2
=1+ 25in(g)[cos(A ; B ) - sin(g)]
=1+ 2$in(g)[cos(A _ B) - cos(A il B)]
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Trigonometry up to Transformations i componendo and dividendo Rule

=1+ 25in(;)[25in(g)sin(§)]

=1+ 4sin(é)sin(5)sin(£)
2 2 2

= RHS
cosC + cosD
= 2cos(C + D)cos(C _ D)
2 2
B
cos( )
180 - C
= coS(——)
2

C
cos(90° - —)
2

. C
sin(—
(2)
cos(A - B) — cos(A + B)
= 2sinA sinB

Ex: P.T cos20° cos40° - sin5° sin25° = ‘/34+ 1

Sol: LHS = cos40° cos20° - sin25° sin5°

1
= (E)[ZCOS4OO €os20° - 2sin25° sin5°]
1
= (E)[(cos60° + c0s20°) - (cos20° - c0s30°)]

IS
_(E)[§+7]

1
_hHeB AL o841 gy
2 2 4

2cosA cosB

= cos(A + B) + cos(A - B)
2sinA sinB

= cos(A — B) - cos(A + B)

Ex P.T 4(cos66° + sin84°) = V3 + /15
Sol LHS = 4/cos66° + sin84°]

= 4[cos66° + cos6]

= 4-2c0s(36°)cos(30°)

- > T 1)3)

4 2

=15 *+/3

= RHS
sin® = cos(90° - 0)
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Trigonometry up to Transformations i componendo and dividendo Rule

sin84° = cos6°

cosC + cosD

C+D C-D
= 2cos cos
( 5 )cos( 5 )

1 + sin26 — cos26 B

1+ sin20 + cos26
_ 1+ sin26 — cos26

Sol LHS =
1 + sin26 + cos26
_ (1 —cos26) + sin26

"~ (1+ cos20) + sin28
_ 2sin% + 2sinBcos

" 2c0s20 + 2sinBcosd
2sinB ( sind 0
_ 2sinB (sin® + cosH ) _ tan® = RHS

" 2cos0 (cosO + sinB)

Ex P.T tan®

- If tanB = 9 then PT acos20 + bsin20 = a
a

Sol Given tanb = é
a
LHS = acos26 + bsin26
1 — tan?%6 2tan0

=al— — _]+b(———)
1 + tan%6 1 + tan?6

2
0
ZZ]+b[ bz]
1+ 1+
2 _ p? 2b. a?
S P
a?+b a a’>+b
a(a2 —bz) + 2ab?

a? + b?
az—b2+2b2]

a? + b?
a2+b2)
a? + b*
=a=RHS

:a[

)

a(

al

a(

LpT L o V3 g,

sin10°  cos10°

Sol LHS = L - \/'j
sin10° cos10°

_ cos10° — sin
sin10°cos10°

= 2[(%)cos10° - (%)sin10°]/((%)[25in70°cos70°])
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Trigonometry up to Transformations i componendo and dividendo Rule

= 4/sin30° cos10° - cos30° sin10°]/sin2(10°)
4 sin (30°—10°)

sin20°
_ 4 Sin20° sin20°

sin20°
=4 = RHS

acosO + bsind

/az + bz[( \/—)cose

—)sinB]
a’+b

3
Ex: If sina = = > < a <1, find cos3a, tan2a.

Sol Given sina = g a € llg

[diagram: right triangle with sides 3, 4, hypotenuse 5, angle o opposite side 3]

cosa = ——
5
3

tana = —=

cos3a = 4cos’a - 3cosa

4 4
=4(-2)3 - 3(-—
(5) (5)

«fM«—fF—sl

464
= ——[— - 3]
525
__4(_11) 44
"5 25 125
2tan0(
tan2a =
1 — tan?
3
:2(—1)
9
-1
=_3 16
2 7
24
-

Ex: Find the value of cos42° + cos78° + cos162°

Sol : cos42° + cos78° + cos162°

78° 4+ 42° 78° — 42°
= 2cos( ; ) cos( 5 )

+ cos(180° - 18°)
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Trigonometry up to Transformations i componendo and dividendo Rule

= 2c0s60° cos18° — cos18°

= 2(%)cos18° - cos18°

= cos18° - cos18°
=0

cosC + cosD

C+D Cc—-D
= 2cos cos
( 5 )cos( 5 )

1
Ex P.T cos12° + cos132° + cos84° + cos156° = _E

Sol LHS = co0s132° + cos12° + cos156° + cos84°
= 2c0s72° cosb0° + 2cos120° cos36°

1 1
= 2sin18°(Z) + 2(—=)cos36°
2 2

4ﬁ;%—dy”)

4
_V5-1-y5-1
4
S22 pes
4 2
cosC + cosD
C+D C—-D
= 2cos cos
( 5 )cos( 5 )
Ex: Ifx= 2sinf then find the value

" 1+ cosb + sin®
1 — cosO + sin

1 + sin®

of

2sin0

1 4+ cosO + sinB
2sin® (1 — cosb + sinO )

[1+ cosO + sinB][1 — cosO + sin0]

_ 2sin® (1 —cosB + sinB)
(1+sinf)? — cos26

_ 2sinB (1 — cos6 + sinB)

1 + sin?6 + 2sin® — cos20
= 2sinB/7 - cosO + sind]/(2sin’0 + 2sinB)
= 2sin0/7 - cosO + sinB]/(2sinB(1 + sinB))

« 1 — cosBO + sinb

1+ sin6
~1—cos6 + sinb _

1 + sin®

Sol Givenx =
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Trigonometry up to Transformations i componendo and dividendo Rule

Ex: S.T.(tan® + cotB)? = sec®® + csc’0 = sec?O-csc?

Sol (tan® + cotB)?
_ (sine . cose)2

cos® sin®
(sinZB + cosze)z

sinBcosO

1

sin6 - cos20
sin®6 + cos%6

sin%60 - cos26
sin’@ N cos26

sin0 - cos20  sin’0cos’H
1 1

+
cos?0  sin’@
= sec?0 + csc?0. — @
From
(tan® + cotB)?
1
= —_—— > 5
sin“Ocos” 0
= sec?0-csc?0

Ex: Show that cos?a + 2cos?a(1 - ) =1 - sin“a.

secla
Sol LHS = cos?a + 2cos?a(1 - cos?o)
= cos*a + 2cos?a(sin’)
= cos?afcos’a + 2sin’q]
= (1 - sin®0)(1 - sina + 2sin’a)
= (1 - sin®0)(1 + sin?
=1 - sin‘a

= RHS

o)

Ex VIMP

prove that tan® + 2tan26 + 4tan40 + 8cot86 = cotO

Sol: tan© - cotb = sinb - cos®

cosO sin0
sin®0 — cos%0
cosOsin0
1
—[cos®6 - sinze]/((i)(Zsinecose))
~2(cos26)

sin26
tan® - cotb = -2cot26

= tanB = cotb - 2cot26
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Trigonometry up to Transformations i componendo and dividendo Rule

LHS = tanB + 2tan26 + 4tan46 + 8cot86

= (cotB — 2cot20) + 2(cot26 — 2cot4b)
+ 4(cot46 - 2cot86) + 8cot86

= cotB - 2cot20 + 2cot20 - 4cot40 + 4cot4b
- 8cot86 + 8cot86

= cotB

= RHS
T . 24 4
Ex IfO<A<B<—sin(A+B)=_—, cos(A-B)=_
4 25 5

find the value of tan2A.
Sol tan2A =tan/(A + B) + (A - B)]
tan(A+B) +tan(A—B)
"T-tn(A+B)tan(A—B)
GivenO<A<B<;—f

)

A+BEIQ
A<B
>A-B<0

tan(A + B) > 0, tan(A - B) < 0
96
4

[diagram: right triangle with sides 24, 7, hypotenuse 25, angle A + B]

24
tan(A + B) = - v

[diagram: right triangle with sides 3, 4, hypotenuse 5, angle A - B]

tan(A - B) = —E v
4

24_3
From (D), tan2A = 74
1=(5)(-2)
75 3
100 4
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Trigonometry up to Transformations i componendo and dividendo Rule

Ex P.T cos(l—ﬂl) cos(—) cos(ﬁ) cos(—) cos(_) = 3%

Sol LHS—cos(—)cos( )cos( )cos(_)-cos(ﬂ)
11 11 11

sin ( 327‘[)
B 11

3ZSin(1—n1)
sin(3n— 1_711)
3251n(%)
Vs
() 1 e
325in(1—nl) 32
cosO cos20 cos40 = sin80
8sinb
cos(—)
8
= cos(mm — —
( 11)
= —-cos(—)
51 167w
cos(—) = cos(mm - ——
(11) ( E )
16w
= —cos(—-)
11
s 3w 5 7. 3
Ex P.T.sin*(=) + sin*(—=) + sin*(Z2) + sin*(—) = =
( ) (8) (8) (8) 5
Sol: LHS = sm4( ) + S|n4(— - —) sin (n E) + sin®(mt - E)
2 8 8

— cindt 4.t 40" 4T
= sin (8) + COS (8) + Cos (8) + sin (8)
= 2(sin4(z) - COS4(7—I))
8 8

=2(1 - Zsinz(z)cosz(z))

8 8
=51 = (YasinEreos2(™
=2(1 (E) 4sin (8)cos (8))

sin*0 + cos*0
= (sin%0)? + (cos?0)?
= (sin%0 + cos20)?

~ 2sin%6cos°0

=1 - 2sin®6cos?0
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Trigonometry up to Transformations i componendo and dividendo Rule

= 201 - CrsinCycosy?)
= E Sl 8CO 8
Cin Lo
= 201 - (sin?()
1 1
=2(1 - (2)(—=)?
(1 - GH
1
=2(1 - —
(-3
4

=E=RHS
2

2sinBcosb = sin20

Ex: PT(1+ cos(—))(1 + COS(—))(1 + COS(—))(1 + COs (—)) -1

16
))(1 - COS(—))

Sol LHS=(1+ cos(—))(1 + cos(3_))(1 - cos(

=(1- 2_1_ 237
(T = cos“(==))( c05(10))

= sin? (1 )st( )

= sin%18° sm254°
= sin%18° cos?36°
=P o lppS Ay
4 4

_po— 1
= [—4.4 ]

Y

(4(4))
B 1

16

71
cos(—
(10)

= cos(T

3n
— E)
= —cos(_n)

o T
cos(ﬁ) = cos(m - E)

- —cos(—)
= COSE
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Trigonometry up to Transformations i componendo and dividendo Rule

T 2T 3 41 1
Ex P.T cos(=) cos(—)-cos(—)-cos(—) = —
X (9) (9) (9) (9) T

Sol LHS = c0s20° cos40° cos60° cos80°
1
= (E)'c0520° cos(60° — 20°) cos(60° + 20°)

= (%)-(%)c053(20°)

cosB cos(60° + 6) cos(60° — 6)
= (1)cos39
4

Ex Ifsec(® + a) + sec(® — o) = 2secB then
a
P.T.cosb = +,/2 cos(i)

Sol Given sec(® + a) + sec(6 - a) = 2secO
1 1 2
= + =
cos(0+a) cos(8—a) cosb
:cos(H—a) +cos(f+a) 2
cos(0+a) -cos(6—a)  cosB
2cosBcosa 2
)

cos20 — sin“a  cosB

= c0s%0-cosa = cos?0 - sin‘a

= sin’al = cos?0 - cos?6-cosa

= sin’a = cos?0(1 - cos)

= (25in(g)cos(g))2 = cosze-Zsinz(E)
2 27 2

= 4sin2(%)cosz(g) = cosze-Zsinz(%)

= c0s%0 = 2cosz(%)

(04
= cosO = +./ ZCOS(E)
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Trigonometry up to Transformations i componendo and dividendo Rule

4 2
Ex: Ifcosx+cosy:§and cosx—cosy:7
x_
then P.T 14tan( zy)+5cot(x+y):0
4
cosx+cos z
Sol —y:%:(f)x(Z):E
cosx—cosy 42 5 2 5
7
x+y xX—y
. 2c0s (5% ) cos(*5*) _14
e x+y\ . xX—y 5'
2sin > )sm( > )
x+y
COt( 5 ) 14
$T=—?
tan (%57
= 5cot(_FY)
- ~14tan—2)
x—
= 14tan( zy)+5cot(x+y)
=0

Ex: P.T.sin%(a - 45°) + sin®(a + 15°) - sin®(a — 15°) = %

1 —cos(2a—90°)

Sol LHS = 5 + sin(20)-sin(30°)
1 1 1
= _ — (=)cos(90° - 2a) + (=)-sin2a
5 (2) ( ) (2)
= 1 - (l)SiHZO( + (l)sinZO(
2 2 2
1
2
= RHS.
Gin?A = 1- CZOSZA

sin°A - sin°B
= sin(A + B) sin(A - B)
Ex: Ina AABC, prove that
A B . C
cosA + cosB — cosC = -1 + 4cos(§)cos(§)sm(§)

Sol Given A +B + C=180°

LHS = cosA + cosB - cosC

A+ B A—B
= 2cos( + )cos( ) — cosC
2 2
A—B

= 25in(g)cos( y-(1 - 25in2(g))
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Trigonometry up to Transformations i componendo and dividendo Rule

C
-1+ 2sin?(=
) + sm(Z)

A-8) any
2 2

A—B A+ B
) + cos(

= Zsin(g)cos(

-1+ Zsin(g)(cos(

)

-1+ Zsin(g)(cos(

. C A B
-1+ 2sin(z)(2cos(z)cos(-)

-1+ 4cos(é)COS(§)Sin(£)
2 2 2

= RHS

A+ B
cos(+)

C
= cos(90° - —
( 2)
= sin(g)
2
Ex Ina AABC, P.T
A B C A B C
cos?(—) + cos?(—) - cos?(=) = 2cos(—)cos(—)sin(—
(2) (2) (2) (2) (2) (2)

Sol GivenA+B+C=Tt

A B C
LHS = cos?(—) + cos?(—) — cos?(—
(2) (2) (2)

A B C
2 1 sin2(2) - cos2(
cos(z) sin (2) cos (2)

1+ (cosz(é) - sinZ(E)) - cosz(g)
2 2 2
A B A B C
=1 2+ — - _) - cos(=
+ cos(2 + 2)cos(2 2) cos (2)
=1+ sin(C)cos(A - B) -(1- sinZ(C))
- 2772 2 2
= sin(g)cos(é - E) + sinz(g)
A
= sm(E)[cos(z - E) + SIH(E)]
= sin(C)(cos(A - B) + cos(A + B))
T2 2 2 2 2
= sin(g)(2cos(é)cos(5))
2 2 2
= Zcos(A)cos(B)sin(C)
- 20 272
= RHS
cos(é + E)
2 2

)

= cos(

N
N O
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Trigonometry up to Transformations i componendo and dividendo Rule

. C
= sm(i)
Ex Ina AABC, P.T
sin(g) + sin(g) + sin(g) =1+ 4sin(n ; A)sin(n_ )sin(n; )
Sol GivenA+B+C=m
. m—A, . m— .. m—C
RHS = 1 + 4sin( )sin( )sin( 2 )
1+ 25in(ﬂ; C)[Zsin(n; )sin(n; )l
=1+ Zsin(A : B)[cos(n_ A - B) - cos(n_ + ﬂ; B)]
=1+ 25in(A + B)[cos(B _ A) _ cos(Z - (ALB))]
4 4 2 4
=1+ 25in(A 5 cos( ; By _ sin(A 5

A—B A+ B
) - Zsinz(L)

A+ B
=1 + 2sin( Z )cos(

A+ B A+B A-B
= cos[2(——)] + sin +
[2( 2 )] ( 2 2 )
. A+B A-B
+ sin( - )
4
cos( ) + sin(A) + sin(B)
2 2

sin(C) + Sin(A) + Sin(B)
2 2 2

sin(é) + sin(E) + sin(g)
2 2 2
= LHS

1 - 2sin®0 = cos20

2sinA cosB
= sin(A + B)

+ sin(A — B)

B
)

cos(
C

= cos(90° - —

( 2)

= sin(g)
2
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Trigonometry up to Transformations i componendo and dividendo Rule

Ex: If A+ B + C = 2S then prove that
A B C
cos(S - A) + cos(S = B) + cos(S - C) + cosS = 4cos(§)cos(5)cos(§)

Sol GivenA+B +C=2S

LHS = cos(S = A) + cos(S — B) + cos(S - C) + cosS
_ 2COS(S—A-;S—B)COS(S—A;S+B)

+ 2cos(S _ g + S)cos(S _ g _ S)

2S—A—B B—-A 25—-C C
= 2cos( 5 )cos( 5 ) + 2cos( )COS(E)
= 2cos(g)cos(A _ B) + 2cos(A + B)cos(g)
= 2cos(g)[cos(A _ B) + COS(A - B)]

= 2cos(C)[2cos(A)cos(B)]
- 2 202

= 4cos(é)COS(E)COS(£)
2 2 2

= RHS

Ex: IfA+B+ C=270°thenP.T

cos®A + cos’B — cos’C = —2cosA cosB sinC
Sol Given A + B + C = 270°

LHS = cos?A + cos’B - cos’C

cos’A + 1 = sin’B - cos’C

1 + cos(A + B)cos(A - B) — cos?C
=1 - sinC cos(A - B) - (1 - sin’C)

1T -sinCcos(A-B)-1+ sin%C
—sinC/cos(A - B) - sinC]

—sinC/cos(A - B) + cos(A + B)]

—sinC/2cosA cosB]

—2c0osA cosB sinC
= RHS

cos(A + B)

cos(270° - Q)

—-sinC
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Trigonometry up to Transformations M periodicity and extreme values

if sin(a+ﬁ) 1-m

= then PT
cos(a—ﬁ) 1+m

/s T
tan(Z—a):mtan(Z+B)
sin(a+B) 1-m
cos(a—ﬁ)_1+m
:sin(a+,8)+cos(a—,8):(1—m)+(1+m)
sin(a'+,8)—cos(a—ﬁ) (1-m) — (1+m)
sin(a+ﬁ)+sin[g—a+ﬂ]_1_m+1+m_ 2 1
sin(a+,6’)—sin[g—a+ﬂ] I-m-1-m -2m m

Sol Given

4
2cos(%+ﬁ a— )
:>tan(%+,8) :_l
tan(a—%) m

—tan(% — a) m
=>m tan(E +B) = tan(z - Q)

4 4

. T T
o tan(z -—a)=m tan(Z + B)

tan(-0) = -tan6

periodicity and extreme values

let f(x) = sinx

f(2Tt + x) = sin(21 + x) = sinx = f(x)
f(4m + x) = f(x)

f(em + x) = f(x)

where 21 is the least +ve

real number such that f2m + x) = f(x)

- period = 2.
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Trigonometry up to Transformations M periodicity and extreme values

Def : A function f: A — R is said to be a periodic function with period T if
f(x + T) = f(x), vx € A.

The least +ve real value of T

such that f(x + T) = f(x) is called period of f.

Note [table]
Function | period
sinx | 21

cosx | 2m

tanx |

cotx |

secx | 2m

Cscx | 21

tan(mt + x) = tanx

tan(2m + x) = tanx
Note |If fis a periodic function with period T then —f and 1 are also periodic functions with period T

f(x) = sinx, period = 2.
Consider
g(x) = =sinx
g(x + 2m) = —sin(x + 2m)
= —sinx = g(x)
- period of —sinx

= 2T

Note If the period of f(x) is p

then the period of f(ax + b) + k is p/|a|
Ex [table]

Function | period

sin(ax + b) | 2m/|a|

cos(ax + b) | 2m/|a|

tan(ax + b) | /|a|

cot(ax + b) | /|a]

sec(ax + b) | 2m/|a|

csc(ax + b) | 2m/|a|
Ex period of 2sin(3x + 5) + 8 is 23_7r

T
Ex period of tan(5 - 3x) is 3
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Trigonometry up to Transformations M periodicity and extreme values

Note If f(x) and g(x) are two functions whose periods p; and p, and there exists

no positive real a such that f(x + a) = g(x),

g(x + o) = f(x) then the period of f(x) £ g(x)

(or) f (x)
g (x)

is the L.C.M of {p, p,}

X X
Ex period of sin(i) + cos(§) is_
2m 2m
Sol period = LCM{T, T}
2 3
= L.C.M{4m, 6m}
= 12m
Ex period of sin’xis ___

Sol f(x) = sin®x

_1—cos2x _ l ~ (1)c052x
2 2 2

2T

eriod = — =T

P 2

24,6

2,3

2x2%x3 =12

[Ind method

Let f(x) = sin®x

f(x + 2m) = sin?(x + 2m) = sin’x = f(x)

f(x + 1) = sin?(x + 1) = (-sinx)? = sin’x = f(x)
where Tt is least +ve real

such that f(x + 1) = f(x)

. period of sin’x = .

Ex period of sin3x.

Sol sin3x = 3sinx - 4sin3x.

4sin3x = 3sinx - sin3x

sin’x = (E)sinx - (l)sin3x.
4 4

period = L.C.M{Z_n, Z—R}
1 3

= L.C.M{2m, 2m}/G.C.D{1, 3}
B 2T

1
= 2T

L.CM fac
.C. O{E,a}
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Trigonometry up to Transformations M periodicity and extreme values

= L.C.M{a, ¢}/G.C.D{b, d}

Ex period of sinxis

Sol f(x) = sin“x

f(x + 1) = sin*(x + 1) = (=sinx)* = sin*x = f(x)
f(x + 2m) = f(x)

f(x + 41m) = f(x)

where T is the least +ve

real no. such that f(x + 1) = f(x)

-, period = T

Note : [table]

Function | period

sin"x (n is even) | Tt

cos"x (n is even) | Tt
tan"x (nis even) | T v
sin"x, cos"x (n is odd) | 21t

tan"x (nis odd) | . v/

Note : The period of |sinx|, |cosx|, [tanx|, |cotx],
|secx|, |cscx| is Tt
Proof let f(x) = [sinx|

f(x + 1) = [sin(x + T1)|

= |-sinx|
= |sinx|
= f(x)
where Tt is least +ve real no.
. period = T
|=x| = |x|

Note : The period of
a|sinx| + b|cosx|, a|tanx| + b|cotx|,
acscx| + blsecx|ismifa #b

Tifa=b
2
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Trigonometry up to Transformations M periodicity and extreme values

Ex f(x)
f(x + 7T)
2

|sinx| + |cosx|

|cosx| + |-sinx|
= |cosx| + |sinx|
= f(x)

T .
where > is the least +ve real no

. H d_n
- period = .
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