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EXPRESSWALA ACADEMY
Maths 1A: Mathematical Induction
Question Paper, Set 07
Time: 1 hour 30 minutes Maximum marks: 50
Name: Class: Date:
. J
1. Answer all 20 questions. The marks for each question are shown in brackets.
2. Show your working for the 2, 3 and 5 mark questions.
3. The key sheet and worked solutions are at the end of this paper.
1. LetP(n):5+11+17+---+ (6n — 1) = n(3n + 2). Verify that P(3) is true. [1 mark]
2. Inproving32 + 72+ 112 ... 4 (4n — 1)2 = w by induction, what term is added [1 mark]
to both sides of P(k)?
3. Prove by mathematical induction that2-4+3-5+4-6+---+ (n+1)(n+3) = [5 marks]
2
n(2n+15n+31) +é5"+31) foralln € N.
4. Prove by mathematical induction that 1—15 + % + ﬁ +F (4n73)1(4n+1) = g forall [5 marks]
n € N.
5. Find1%+2% 432 +... + 242 [1 mark]
6. Find13+2%+3%+... 4183, [2 marks]
7. Find13+3%4+5%+...to 7 terms. [2 marks]
8. Find1?—-2%4+32 42 +...419% [1 mark]
9. Using the standard sums, find =}, k(k — 1)(k + 1) in factorised form. [3 marks]
10. Find the 22th term and the sum of the first 22 terms of 9,13,17, ... [2 marks]
11. Find the Tth term and the sum of the first 7 terms of 1,4, 16, ... [2 marks]
12. Find the sum to infinity of 4 +5- 3 +6-4 +7- o + ... [3 marks]
13. Find the nth term of the sequence 5,7,11,17,... [3 marks]
14. Find the nth term of the sequence 3, 23,123,623, ... [3 marks]
15. Aseriesiswritten1-54+5-9+---+ (4n — 7)(4n — 3), that is, up to (n — 1) terms. With  [1 mark]
which value of n should the verification begin?
16. Using its values at n = 1 and n = 2, find the largest number that divides 3 - 4® 4 2" — 2 for [2 marks]
alln € N.
17. Prove by mathematical induction that 10™ — 3" is divisible by 7 for all n € N. [5 marks]
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18. Prove by mathematical induction that 9" — 8n — 1 is divisible by 64 for all n € N. [5 marks]
19. Is52 =7 (mod 5)? Give the reason. [1 mark]

20. Using a standard result, show that 5 - 6 - 7 is divisible by 3! and find the quotient. [2 marks]
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Key sheet

10

11

12

13

14

15
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17

18

19

20
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Answer

Both sides equal 33, so P(3) is true
(4k + 3)?

Proved: true foralln € N

Proved: true foralln € N

4900

29241

4753

190

n(n—1)(n+1)(n+2)
4

t22 - 93, S22 - 1122

t7 = 4096, Sy = 5461

Proved: divisible by 7 for alln € N
Proved: divisible by 64 for all n € N
Yes: 52 — 7 = 45 is divisible by 5

35
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Solutions

1.Let P(n): 5+ 11+ 17+ --- + (6n — 1) = n(3n + 2). Verify that P(3) is true. [1]
P(3):LHS. =5+11+417=33
RHS.atn = 3:n(3n+2) =33
LH.S. = RH.S. so P(3) is true.
Ans: Both sides equal 33, so P(3) is true

2.Inproving 32 + 7> + 112 + .-+ + (4n — 1)? = w by induction, what term is added to both
sides of P(k)? [1]

The nth term is (4n — 1)2

Putn = k + 1: the (k + 1)th term is (4k + 3)2.

Ans: (4k + 3)?
3. Prove by mathematical inductionthat2-4+3-54+4-6+---+(n+1)(n+3) = ”Q”ZJ“—(% for all
n € N. [5]

Let P(n):2-4+3-5+4-6+---+ (n+ 1)(n 4 3) = 22 Hionsd))

Forn =1:LHS.=2-4 =8 RH.S. =8.So P(1) is true.

Assume P(k)istrue:2-4+3-5+4-6+---+ (k+1)(k+3) = w

Add the (k + 1)th term (k + 2)(k + 4) to both sides.

LHS. of P(k + 1) = M2k 4 (4 9)(k 4 4)

—E I 6k g

— (@AAS) iy jg D20 ity y — | 41, the RH.S. of P(k + 1).

So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: true foralln € N

4. Prove by mathematical induction that =ttt ﬁ +--o+ (4n73)1(4n+1) = 4n"+1 for all n € N. [5]

1 1 1 —
Let P(n ) +59+m+"'+(4n—3)(4n+1)_4n+1'
Forn =1: LHS. _%—1 RHS =1 SoP(l)istrue.

k
Assume P(k) is true: £ + <5 59 + 55 + -t (4k73)1(4k+1) = Tht1-

Add the (k + 1)th term m to both sides.

LHS. of P(k+1) = 41!11 + (4k+1)1(4k+5)

4k +5k+1
(4k—+1)(4k+5)

4k+5,wh|ch is 75 withn =k + 1, the RH.S. of P(k + 1).
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: true foralln ¢ N

5.Find 12 + 22 4 32 + ... 4 242 [1]
Zn n n+16(2n+1)
n=24: #2B — 4900

Ans: 4900
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6.Find 13 4+ 23 + 3% + ... 4183 [2]
2
n 1!
yond= ( (anr )
n=18: (1£12)" = 1712 = 20241
Ans: 29241

7.Find 13 + 33 + 53 + ... to 7 terms. [2]
S(2k — 1)2 =n?(2n? - 1)
n=7:49(2-49 — 1) = 49 - 97 = 4753
Ans: 4753

8.Find12 —224+3%2 — 42+ ... +19% [1]
There are n = 19 terms and n is odd.
(n+1) 1920 __
s = =190

Ans: 190

9. Using the standard sums, find >°_, k(k — 1)(k + 1) in factorised form. 3]
k(k—1)(k+1)=Fk —k
(R —k) =37k = 3k

_ n’(n+1)* _ n(n+1)
2

4
_ ntyond-n’o2n

4
_ n(n-1)(n+1)(n+2)
4

Ans: n(n—l)(n4+1) (n+2)

10. Find the 22th term and the sum of the first 22 terms of 9,13,17,... [2]
a=9d=4.
tyy =a+21d =9+ 21(4) =93
Sa2 = Zla+1] = £(9+93) = 1122
Ans: tyy = 93, Sy = 1122

11. Find the 7th term and the sum of the first 7 terms of 1,4, 16, ... [2]
a=1r=4
tr =ar® =145 = 4096
S =al=t =1.1881 _ 5461

Ans: t; = 4096, S; = 5461

12. Find the sum to infinity of 4 +-5- 3 +6- 5+ 7- 55 +... [3]
Thisisan AGP.witha=4,d=1r =1 and |r| < L.

. _a | _dr__
S = 15 + Ty
4 %
=T+
3 9
_ 3 27
=6+3=7
.27
Ans.z
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13. Find the nth term of the sequence 5,7,11,17,... [3]
Differences: 2,4, 6, in AP., so T,, = an? + bn + c.
a+b+c=5,4a+2b+c=7,9a+3b+c=11
3at+b=2batb=4=a=1b=-1,¢c=5
T, =n>—n+5 (check: Ty = 17)

Ans: T, =n?>—-n-+5

14. Find the nth term of the sequence 3, 23,123,623, ... [3]
Differences: 20,100, 500, in G.P. with ratio 5, so T,, = A - 5" + B.
n=1: 5A+B=3;n=2: 256A+ B =23
20A=20=A=1, B=-2
ST, =5"—2
Ans: T, = 5" — 2

15. A series is written 1 -5+ 5-9+ --- 4+ (4n — 7)(4n — 3), that is, up to (n — 1) terms. With which value
of n should the verification begin? [1]

The series has (n — 1) terms.

It has at least one term only when (n — 1) > 1, thatisn > 2.

So the verification begins with n = 2.

Ans:n =2

16. Using its values at n = 1 and n = 2, find the largest number that divides 3 - 4" + 2" — 2 foralln € N.
[2]

n=1:12

n=2:50

G.C.D.(12,50) = 2

So 3-4" + 2™ — 2 is divisible by 2 (induction proves it for all n).

Ans: 2

17. Prove by mathematical induction that 10™ — 3™ is divisible by 7 for all n € N. [5]
Let P(n): 10" — 3" is divisible by 7.
For n = 1:the value is 7= 7 x 1. So P(1) is true.
Assume P(k): 10F — 3% = 7 for some integer \.
Then 10% = 7\ + 3,
Atn =k + 1: 10F1 — 351 — 10(10%) — 3. 3%
— 10(7A + 3k) — 3. 3k
=T70A+7-3F
= 7 (10X + 3%), which is divisible by 7.
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.
Ans: Proved: divisible by 7 for all n € N
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18. Prove by mathematical induction that 9" — 8n — 1 is divisible by 64 for all n € N. [5]
Let P(n): 9" — 8n — 1 is divisible by 64.
Forn =1:9 — 8 — 1 = 0, which is divisible by 64. So P(1) is true.
Assume P(k): 9% — 8k — 1 = 64\, so 9% = 64\ + 8k + 1.
Atn=k+ 19" - 8k+1)-1=9-9*—8k—9
— 9(64\ + 8k + 1) — 8k — 9
=576\ + T2k +9—8k—9
= BT6\ + 64k = 64(9\ + k), which is divisible by 64.
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.
Ans: Proved: divisible by 64 for all n € N

19.1s 52 = 7 (mod 5)? Give the reason. [1]
z =y (mod m) means z — y is divisible by m.
52 -7 =45
45 =5 x 9, so yes.
Ans: Yes: 52 — 7 = 45 is divisible by 5

20. Using a standard result, show that 5 - 6 - 7 is divisible by 3! and find the quotient. [2]

The product of 3 consecutive natural numbers is divisible by 3! = 6.
5:6-7=210=6 x 35
Ans: 35
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