EXPRESSWALA ACADEMY

Maths 1A: Mathematical Induction
Question Paper, Set 06

Time: 1 hour 30 minutes Maximum marks: 50

Name: Class: Date:
\. J

1. Answer all 20 questions. The marks for each question are shown in brackets.
2. Show your working for the 2, 3 and 5 mark questions.
3. The key sheet and worked solutions are at the end of this paper.

1. Forthe statement P(n):2+7+12+---+ (5n — 3) = ﬂ%l check P(2). [1 mark]

2. Toprove2+4+11420+---+(In—7) = w by induction, which term is added to both [1 mark]

sides of P(k) to get P(k +1)?

3. Prove by mathematical induction that2-4+4-6+6-8+---+ (2n)(2n +2) = [5 marks]
et D) for all € N,

4. Prove by mathematical inductionthat 2 +6 + 18 +---+2-3"1 =3* —1foralln € N. [5 marks]

5. Find 220:1 k. [1 mark]
6. Find 6%+ 73 +-.. 4123 [2 marks]
7. Find1*43%+5% + ...+ 25% [2 marks]
8. Find1?—2>+43%—4*+... 222 [1 mark]
9. Using the standard sums, find 3=, _, k(4k — 1) in factorised form. [3 marks]
10. Find the sum of the first n terms of 6 + 11 + 16 + . .. [2 marks]
11. Find the sum of the first n terms of 2 + 14 + 98 + ... [2 marks]
12. Find the sum to infinityof 14+4- 3 +7-4 410§ +... [3 marks]
13. Find the nth term of the sequence 2, 12,28, 50, ... [3 marks]
14. Find the nth term of the sequence 9, 13,21, 37, ... [3 marks]

15. Inproving3 +6+---+3-2"3 (up to (n — 2) terms) is equal to a formula, at which value [1 mark]
of n do we start?

16. Using its values at n = 1 and n = 2, find the largest number that divides 11" — 5" for all [2 marks]
n € N.

17. Prove by mathematical induction that 3 - 521 + 2371 js divisible by 17 for all n € N. [5 marks]

18. Prove by mathematical induction that n3 + 3n? + 5n is divisible by 3 for all n € N. [5 marks]
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19. Is 83 =20 (mod 9)? Give the reason. [1 mark]

20. 13is odd. Using a standard result, show that 13(13% — 1) is divisible by 24 and find the [2 marks]
quotient.
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Key sheet
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Answer

Both sides equal 9, so P(2) is true
9k + 2

Proved: true foralln € N

Proved: true foralln € N

1830

5859

2925

—253

n(n+1)(8n+1)
6

Proved: divisible by 17 for alln € N

Proved: divisible by 3 foralln € N
Yes: 83 — 20 = 63 is divisible by 9

91
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Solutions

1. For the statement P(n):2+7+12+--- 4+ (5bn —3) = "(5’;1), check P(2). [1]
P(2):LHS.=2+4+7=9
RHS. atn =220 =9
LH.S. = RH.S, so P(2) is true.
Ans: Both sides equal 9, so P(2) is true

2.Toprove2+11420+4---+ (In—7) = w by induction, which term is added to both sides of

P(k)toget P(k+1)?[1]
The nth termis (9n — 7).
Putn = k + 1: the (k + 1)th term is 9k + 2.

Ans: 9k + 2
. . . _ 4n(n+1)(n+2)
3. Prove by mathematical inductionthat2-4+4-6 +6-8 4 --- 4 (2n)(2n + 2) = ——— forall
n € N. [5]

let P(n):2-4+4-6+6-8+---+(2n)(2n+2) = 4n(n+§)(n+2).

Forn =1:LHS.=2.4=8 RHS. = 8. S0 P(1) is true.
Assume P(k)istrue:2-4+4-6+6-8+---+ 2k(2k + 2) = w‘
Add the (k + 1)th term (2k + 2)(2k + 4) to both sides.

LH.S. of P(k + 1) = ZELER) 4 o 4 9)(2k + 4)
_ 4k3+24k%+44k+24

3
— AEDERES) which is 20D with  — k + 1, the RH.S. of P(k + 1).

So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: true foralln ¢ N

4. Prove by mathematical induction that 2 +6 + 18 +--- +2-.3"1 =3" — 1 foralln € N. [5]
Let P(n):2+6+18+---+2-3" 1 =3"— 1.
Forn =1:LHS. =2 =2, RHS.=2.S0 P(1) is true.
Assume P(k)istrue:2+6+18 +---+2-3F1 =3~ — 1,
Add the (k + 1)th term 2 - 3* to both sides.
LH.S. of P(k+1) = 3% — 1 +2.- 3
=3-3" -1
=3-3%F — 1, which is 3" — 1 withn = k + 1, the RH.S. of P(k + 1).
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: true foralln € N

5. Find Y0, k. [1]
1
Zn _ n(n2+ )
n=60: %5 —1830
Ans: 1830
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6. Find 6% + 7% + ... + 123 [2]

The sum from 1 to 12 minus the sum from 1 to 5.

S22 kP = 6084, Y0 kP = 225
. sum = 6084 — 225 = 5859
Ans: 5859

7.Find 12 + 32 + 52 + ... + 252 [2]
n—1=25=n=13
2(4n* — 1) = L(676 — 1) = 2925
Ans: 2925

8.Find12 — 22 +32 — 42 ... — 222 [1]

There are n = 22 terms and n is even.
(n+1) 2223
—"”2 = -5 = —253

Ans: —253

9. Using the standard sums, find >°,_, k(4k — 1) in factorised form. [3]

k(4k — 1) = 4k — k
Si1(4k® — k) =43k — Sk

n(n+1)(2n+1 n(n+1
— 4. plol)Cnd)) _ )

_ 8n34+9n4n

6
_ n(n+1)(8n+1)

6
. n(n+1)(8n+1)
Ans: 6

10. Find the sum of the first n terms of 6 +-11 4+ 16 + ...

6, d = 5.

= 22a+ (n — 1)d] = 2[12 + 5(n — 1)]
n(5n+7)

2

Ans: —”(52”)

a
Sn

11. Find the sum of the first n terms of 2 4+ 14 + 98 + . ..

a=2r=".
—gr=l T 1

Sp =0T =73 —3
.1

Ans.3 3

12. Find the sum to infinity of 1 +4 -1 + 7.1 +10- § +... [3]
Thisisan AGP.witha=1,d=3r =1 and |r| < L

dr

Soo = 15 + @5y
1,
=T+T
2 4
=24+6=28
Ans: 8
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13. Find the nth term of the sequence 2,12, 28, 50, ... [3]
Differences: 10, 16,22, in AP, so T,, = an? + bn + c.
a+b+c=2,4a+2b+c=12,9a+3b+c =28
3a+b=10,5a+b=16=a=3,b=1,c= -2
. T = 3n® +n — 2 (check: Ty = 50)

Ans: T, = 3n? +n — 2

14. Find the nth term of the sequence 9, 13,21, 37, ... [3]
Differences: 4, 8,16, in G.P. with ratio 2,so0 T,, = A- 2" + B.
n=1:2A+B=9n=2: 4A+ B =13
2A=4=A=2, B=5
S T,=2-2"+5
Ans: T, =2-2"+5

15. In proving 3 4+ 6 + --- + 3 - 2773 (up to (n — 2) terms) is equal to a formula, at which value of n do
we start? [1]

The series has (n — 2) terms.

It has at least one term only when (n — 2) > 1, thatis n > 3.

So the verification begins with n = 3.

Ans:n =3

16. Using its values at n = 1 and n = 2, find the largest number that divides 11" — 5" for all n € N. [2]
n=1:6
n=2: 96
G.C.D.(6,96) = 6
So 11" — 5™ is divisible by 6 (induction proves it for all n).
Ans: 6

17. Prove by mathematical induction that 3 - 5?**1 + 237*1 is divisible by 17 for all n € N. [5]
Let P(n): 3 - 5271 4+ 23n+L s divisible by 17.
For n = 1: the value is 391 = 17 x 23. So P(1) is true.
Assume P(k): 3 - 52k+1 + 23541 = 17X for some integer A.
Then 3. 51 = 17X — 23++1,
Atn =k + 1: 3. 52k+3 4 93k+4 — 95(3 . 52k-+1) 4 8. 93k+1
— 25(17)\ _ 23k+1) 8. 93k+1
=425\ — 17 - 23k+1
=17 (25X — 2%*1), which is divisible by 17.
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.
Ans: Proved: divisible by 17 for alln € N
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18. Prove by mathematical induction that n® + 3n? + 5n is divisible by 3 for all n € N. [5]
Let P(n): n® + 3n? + 5n is divisible by 3.
For n = 1: the value is 9, divisible by 3. So P(1) is true.
Assume P(k): k3 + 3k% + 5k = 3.
Atn=k+1 (k+1)°+3(k-+1)>+5(k+1)
= (k® + 3k? + 5k) + (3k*> + 9k +9)
= 3X + 3(k2 + 3k + 3), which is divisible by 3.
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: divisible by 3 for all n € N

19. Is 83 = 20 (mod 9)? Give the reason. [1]

z =y (mod m) means z — y is divisible by m.
83 —20 =63

63 =9 x 7, so yes.

Ans: Yes: 83 — 20 = 63 is divisible by 9

20. 13 is odd. Using a standard result, show that 13(13% — 1) is divisible by 24 and find the quotient. [2]
For odd n, n(n? — 1) is divisible by 24.
13(169 — 1) = 13 x 168 = 2184 = 24 x 91
Ans: 91
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