\

EXPRESSWALA ACADEMY

Maths 1A: Mathematical Induction
Question Paper, Set 10

Time: 1 hour 30 minutes Maximum marks: 50

Name: Class: Date:

1.
2.
3.

Answer all 20 questions. The marks for each question are shown in brackets.
Show your working for the 2, 3 and 5 mark questions.
The key sheet and worked solutions are at the end of this paper.

1. Forthe statement P(n): 6 +11+16+---+ (5n+1) = ﬂm;—”l check P(2).

2. Toprovel+9+17+---+ (8n —7) = n(4n — 3) by induction, which term is added to
both sides of P(k) to get P(k + 1)?

3. Prove by mathematical inductionthat2-3-4+3-4-5+4-5-6+---+ (n+1)(n+
2)(n + 3) = BB EAI0) for 5| € N,

4. Prove by mathematical induction that 2—15 + % + 8% +oF (3n71)1(3n+2) = g forall
n € N.

5. Find Y0 k.

6. Find 1134123 +... 4203

7. Find1?+3%+5%+... +19%

8. Find1?—-2>+4+3>—4%+... —18%

9. Using the standard sums, find > 7' _, k(5k — 2) in factorised form.

10. Find the 40th term and the sum of the first 40 terms of 8,11, 14, ...

11. Find the sum to infinity of 9+ 6 + 4+ § + ...

12. Find the sum to infinity of 2 47 - % +12-;1) +17- % +...

13. Find the nth term of the sequence 2,9, 18,29, ...

14. Find the nth term of the sequence 1,7,25,79,...

15. Inprovingl-5+3-7+---+(2n —3)(2n + 1) (up to (n — 1) terms) is equal to a formula,
at which value of n do we start?

16. Using its values at n = 1 and n = 2, find the largest number that divides 3"*! + 5" + 4 for
alln e N.

17. Prove by mathematical induction that 8" — 5™ is divisible by 3 for all n € N.
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18. Prove by mathematical induction that 32" + 7 is divisible by 8 for all n € N. [5 marks]
19. Is 77 =12 (mod 13)? Give the reason. [1 mark]

20. Using a standard result, show that 9% + 10 4 113 is divisible by 9 and find the quotient.  [2 marks]
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Answer

Both sides equal 17, so P(2) is true
8k +1

Proved: true foralln € N

Proved: true foralln € N

4950

41075

1330

—-171

n(n+1)(10n—1)
6

t40 - 125, S40 - 2660

Proved: divisible by 3 foralln € N
Proved: divisible by 8 for alln € N
Yes: 77 — 12 = 65 is divisible by 13

340
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Solutions

1. For the statement P(n): 6 + 11 + 16 4 - - + (5n 4 1) = 2820 check P(2). [1]
P(2):LHS. =6+ 11 =17
RHS. atn = 2: 20240 — 17
LH.S. = RH.S, so P(2) is true.
Ans: Both sides equal 17, so P(2) is true

2.Toprovel + 9417+ ---+ (8n — 7) = n(4n — 3) by induction, which term is added to both sides of
P(k)toget P(k+1)?[1]

The nth termis (8n — 7).

Putn = k + 1: the (k + 1)th term is 8k + 1.

Ans: 8k + 1

3. Prove by mathematical inductionthat2-3-4+3-4-5+4-5-6+---+(n+1)(n+2)(n+3) =
nlnt5)n +5n110) for gl € N. [5]
Let P(n):2-3-4+3-4-5+4-5-64+ (n+ 1)(n+2)(n + 3) = 2ldln toni10)
Forn=1:LHS.=2-3.4 =24, RH.S. = 24. So P(1) is true.
Assume P(k)istrue:2-3-4+3-4-5+4-5-6+ -+ (k+ 1)(k + 2)(k + 3) = LB 15k110)
Add the (k + 1)th term (k + 2)(k + 3)(k + 4) to both sides.
LHS. of P(k + 1) = MEOELSHI0) 4 (4 9)(k + 3) (K + 4)
=B T | T 9y
= (k+1)(k+6)ik2+7k+16), which is w withn = k + 1, the RH.S. of P(k + 1).
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: true foralln € N

4. Prove by mathematical induction that o + L + - + ... + (3n71)1(3n+2) = &2 foralln € N. [5]

25 5-8
1 1 1 n
Let P(n): 53z + =5 + 573 811 Tt e
Fornzl.LHS :% = 10,RHS =1 SOP(l) is true.

Assume P(k) is true: 3= + =< 58 gt (3k71)1(3k+2) = 61!14-

Add the (k + 1)th term m to both sides.

LHS. of P(k+1) = 6;!14 + (3k+2)1(3k+5)

_ _3K’45k+2
(3k+2)(3k+5)

= e is 52 with n = k + 1, the RH.S. of P(k + 1).
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.

Ans: Proved: true foralln ¢ N

5. Find Y5, k. [1]

Zn _ n+1
n=99: 992100 = 4950

Ans: 4950
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6. Find 113 4 123 + ... + 203, [2]
The sum from 1 to 20 minus the sum from 1 to 10.
S0 kP = 44100, 3,0, k* = 3025
. sum = 44100 — 3025 = 41075
Ans: 41075

7.Find 12 + 3% + 5% + .- + 19% [2]
2n—1=19=n=10
2(4n* — 1) = £(400 — 1) = 1330

Ans: 1330
8.Find12 —22 + 32 — 42 +... —182.[1]
There are n = 18 terms and n is even.
n(ntl) _ 819 __
—nntl = 18— 171
Ans: —171

9. Using the standard sums, find Y _;_; k(5k — 2) in factorised form. [3]
k(5k — 2) = 5k? — 2k
Sro1(5k* —2k) =53 k* — 2>k

—5. n(n+1)(2n+1) _9. n(n+1)

6

_ 10n®49n%—n

6
_ n(n+1)(10n—1)

6
. n(n+1)(10n—1
Ans: 6

10. Find the 40th term and the sum of the first 40 terms of 8,11, 14, ... [2]

a=28 d=3.

tso = a+39d = 8 +39(3) = 125

Sy = Lla+1] = 2(8+125) = 2660
Ans: ty4y = 125, Sy = 2660

11. Find the sum to infinity of 9 + 6 + 4 + § + ... [2]
a=9r=2%|r|<L
_a __ 9 _

r

Ans: 27

12. Find the sum to infinity of 2+ 7- 3 +12- ¢ +17- 5 + ... [3]
Thisisan AGP.witha=2,d=5r =1 and |r| < L.

=3+4

3 9
SIS B
Ans: 2
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13. Find the nth term of the sequence 2,9,18,29, ... [3]

Differences: 7,9,11, in AP, so T,, = an? + bn + c.
a+b+c=2,4a+2b+c=9,9 +3b+c=18
3a+b=7,5a+b=9=a=1,b=4, c= -3
- T = n?® + 4n — 3 (check: Ty = 29)

Ans: T, =n? +4n — 3

14. Find the nth term of the sequence 1,7,25,79,... [3]

Differences: 6,18, 54, in G.P. with ratio 3,so T,, = A- 3" + B.
n=1:3A+B=1,n=2: 9A+B =7
6A=6=A=1, B=—2

ST, =3"—2

Ans: T, = 3" — 2

15. In proving1-5+3-7+4---+ (2n — 3)(2n + 1) (up to (n — 1) terms) is equal to a formula, at which
value of n do we start? [1]

The series has (n — 1) terms.
It has at least one term only when (n — 1) > 1, thatisn > 2.
So the verification begins with n = 2.

Ans:n =2

16. Using its values at n = 1 and n = 2, find the largest number that divides 3" + 5" 4+ 4 for all n € N.

[2]

n=1:18

n=2: 56

G.C.D.(18,56) =2

So 3" 4+ 5™ 4+ 4 is divisible by 2 (induction proves it for all n).
Ans: 2

17. Prove by mathematical induction that 8" — 5™ is divisible by 3 for all n € N. [5]

Let P(n): 8" — 5" is divisible by 3.

For n = 1: the value is 3 = 3 x 1. So P(1) is true.

Assume P(k): 8% — 5F = 3 for some integer \.

Then 8% = 3\ + 5.

Atn =k +1: 81 — 5kl — g(8%) — 5.5k

— 8(3A 4 5F) — 5. 5k

= 24X\ +3. 5

=3 (8)\ + 5’“), which is divisible by 3.

So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.
Ans: Proved: divisible by 3 for all n € N
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18. Prove by mathematical induction that 32" 4 7 is divisible by 8 for all n € N. [5]
Let P(n): 32" + 7 is divisible by 8.
For n = 1: the value is 16 = 8 x 2. So P(1) is true.
Assume P(k): 3%f 4+ 7 = 8 for some integer .
Then 3% = 8) — 7.
Atn=Fk+1:32+2 4+ 7=9(3%) +7
=98N —-T)+7
= T2\ — 56
= 8 (9 — 7), which is divisible by 8.
So P(k + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.
Ans: Proved: divisible by 8 forall n € N

19.1s 77 = 12 (mod 13)? Give the reason. [1]
z =y (mod m) means z — y is divisible by m.
77 —12 =65
65 = 13 x 5, so yes.
Ans: Yes: 77 — 12 = 65 is divisible by 13

20. Using a standard result, show that 9% + 10% + 113 is divisible by 9 and find the quotient. [2]

The sum of the cubes of three consecutive natural numbers is divisible by 9.
729 + 1000 + 1331 = 3060 = 9 x 340

Ans: 340
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